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ABSTRACT 
PROBABI L l  ST1 C ANALYSl S OF WASTEWATER TREATMENT AND D l  SPOSAL SYSTEMS 
T h i s  work a t tempts  t o  p r e d i c t  d i s s o l v e d  oxygen d e f i c i t s  i n  a  stream w i t h  
known i n i t i a l  c o n d i t i o n s  by t a k i n g  i n t o  account t h e  v a r i a t i o n s  i n  deoxy- 
gena t ion  and r e a e r a t i o n  c o e f f i c i e n t s .  A  h y p o t h e t i c a l  stream s i t u a t i o n  
i s  used t o  e s t a b l i s h  t h e  s i g n i f i c a n c e  i n  p r e d i c t i n g  d i s s o l v e d  oxygen 
d e f i c i t .  S t a t i s t i c a l  models a re  fo rmu la ted  and t e s t e d  f o r  t h e  v a r i a t i o n s  
i n  these c o e f f i c i e n t s  us i ng  pub l i shed  data.  S imu la t i on  techniques us i ng  
t h e  Monte Ca r l o  method a re  employed i n  p r e d i c t i n g  t h e  p r o b a b i l i s t i c  
v a r i a t i o n  i n  d i sso l ved  oxygen d e f i c i t s  f o r  known i n i t i a l  c o n d i t i o n s  and 
t h e  r e s u l t s  a re  v e r i f i e d  w i t h  t h e  survey da ta  observed f o r  t h e  Ohio R ive r -  
C i n c i n n a t i  Pool reach. The p r e d i c t e d  r e s u l t s  us i ng  p r o b a b i l i s t i c  model 
a r e  found t o  agree w i t h  t he  observed va lues w i t h i n  p r a c t i c a l  l i m i t s  and 
g i v e  more cons i s t en t  r e s u l t s  than conven t iona l  methods. 
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Though the standards adopted for dissolved oxygen are def ini- 
tive in nature, there is a finite probability that the dissolved oxygen 
is likely to fall below the set standard during 16 hours of any 24-hour 
period and the standard set for the minimum dissolved oxygeut at any 
time. There is a growing realisation among the investigators for the 
need of probabilistic stream standards (Lsucks, 1967; Ledbetter and 
Gloyna, 1964j Thayer, 1966). Loucks (1967) proposes a probabilistic 
stream standard for dissolved oxygen as follows: 
The dissolved oxygen eoncentration in the stream during 
m y  7 consecutive day period must be such that 
1. The probability of its being less than 4 mg/l 
for any 1 day is less than 0.2: and 
2. The probability of its being less than 2 mg/l 
for any 1 day is less t h m  0.1 and for any 2 or molre 
days is less than 0.05. 
WJECTIWE OF THE STUDY 
In order to design any type of treatment plant, it is necessary 
to know what volume and concentration of pollutant may be discharged to 
the stream so that the stream standards are not violated. This implies 
that there should be methods to predict the response of the receiving 
stream to waste loads placed in it. Several mathematical formulations 
ate available for predicting the dissolved oxygen responses, most of 
which are based on the pioneering work of Streeter and Phelps (1925). 
In all these formulations, the reaction velocity coefficients affecting 
the ratedl of BOD removal, atmospheric reaeration, etc., are taken as 
constants, though it was recognized by a few investigators (LeBosquet 
m d  Tsivoglou, 1950; Eckenfelder and O'Canaor, 1961) that they are far 
from being constants. The main aim of this work is to ascertain the 
significance of the varfationo in the velocity coefficients K1 and K2 
I .  INTRODUCTION 
The rapid expansion of population and industrialization 
has resulted in increasingly difficult problems of water resources 
management. The most critical of these problems is the protection 
of water resources fram the ravages of pollution by the discharge of 
wastes which are increasing in both volume and complexity. There is a 
general awakening and a demand that something must be done about stream 
pollution. The daily news media report various aspects of water pol- 
lution with considerable frequency and in the past decade many national 
laws have been enacted dealing with Federal participation in pollution 
control activities. 
If a pollution control program is to be both effective and 
economical, engineers must possess the ability to predict the effects 
of specific waste discharges on the environment. Without this know- 
ledge, administrative dateraination of the required degree of treatment 
for waste discharges, existing or proposed, can only be speculative. 
A low estimate of the required degree of treatment will result in un- 
desirable conditions, while an overestimate will create unjustifiable 
economic burdens on the waste discharger without commensurate benefit 
to the environment. 
The determination of acceptable levels of water quality is 
usually the task of a regulatory agency, These g o v e ~ n t a l  agencies 
have used several approaches to control the water quality in streams. 
One approach is through the use of treatment standards which require 
specifiad degrees @f treatment, usually in terms of biochemical oxygen 
demand (BOD) reductian, suspended solids and coliform removal. Effluent 
standards have a l so  been established which l i m i t  t he  concentrations 
of t he  various consti tuents i n  the  eff luent  released in to  t he  stream. 
These regulatory ac t iv i t i e s  are  attuned t o  the  concept of equity, which 
require the  same degree of removal of BOD and so l id s  from a l l  waste 
sources i r respect ive of t he  volume of waste (Jacobs, 19651, These 
standards a re  used because they a re  re la t ive ly  ea s i e r  t o  administer, 
but each one deals only ind i rec t ly  with the  basic problem of stream 
quality. 
The establishment of stream standards requires t he  pol luter  
t o  regulate h i s  eff luent  such tha t  a t  l e a s t  a minimum level of stream 
qual i ty  is maintained a t  a l l  times. Though the  aim of a l l  t he  three 
types of standards is t o  assure acceptable levels of stream quality, it 
is d i rec t ly  accomplished only i n  the  case of stream standards. The 
adoption of stream standards as a too l  f o r  regulatorq control of pollu- 
t i on  is not without l imitations.  I n  t he  f i r s t  place it is very d i f f i c u l t  
t o  administer and enforce, especially i f  there is more than one pol luter* 
Also, the  application of r ig id  stream standards t o  large areas may well 
become a bar r ie r  t o  orderly e c m m i c  devulopslent, thus defeating some 
of the  benefits  t o  be derived Pram the  equitable use of water resources 
within a given loca l i ty  o r  region (Jacobs, 1965). 
The imporbant point which needs t o  be made here is tha t  the  
aoncept of stream standards and eff luent  standards is not mutually ex- 
clusive. I n  most cases both a re  necessary. For example, the  I l l i n o i s  
Sanitary Water Beard (1966) bas adopted rules  and regulatibns pertaining 
t o  sewage and indus t r ia l  w u t a  treatment requirements, eff luent  a r i t e r i a ,  
cad water qual i ty  c r i t e r i a  f o r  lakes and rivers,  i n  order t o  protect  the  
water resources of t he  s ta te .  I t  is t rue  tha t  the  mount of weight 
placed on a particular type of standard depends on a given situation, 
the type of waste and the stage of development of the pollution abate- 
ment program. A s  pollution abatement progress is made and as the de- 
mands for  variour water uses grow, more and more emphasis w i l l  have t o  
be given t o  the stream standards. 
Though the stream quality standards specify minimum accept- 
able levels for a variety of stream quality parameters l ike bacteria, 
dissolved solids, chemical canstituents, etc., the parameter most cm- 
aonly used as a measure of the pollution from biodegradable waste, by 
investigators concerned with stream sanitation aspects, is the stream'ra 
dissolved oxygen (DO) concentration. In th is  study, the primary atten- 
tion w i l l  be directed t o  th is  parameter, though it is conceptually 
feasible t o  extend the ideas t o  deal w i t h  other parameters as well. 
With the enactment of the Water Quality Act @f 1965, s t a t e  
regulatory agencies either have adopted or are in the process of adopting 
(as of May 1968) standards fo r  interstate waters, Among other parameters 
cansidered for  stream standards, the I l l inois  Sanitary Water Board 
(1966) has adopted different standards for  dissolved oxygen in I ll inoi s 
rivera, depending an the water use, Thus, the c r i t e r ia  adopted for  
the aquatic l i f e  sector of streams is: 
For naintenmce of well balanced f ish  habitats the 
dissolved oxygen content shall  be not less than 5.0 
mg/l during a t  least 16 hours of any 21 hour period, 
nor less than 3.0 mg/l a t  any time, 
and for  the induetrial water use sector, it ist 
Not leas than 3.0 mg/l during a t  least 16 hours of 
any 24 hour period, nor less than 2.0 mg/l a t  any 
time . 
Though the standards adopted for dissolved oxygen are defini- 
tive in nature, there is a finite probability that the dissolved oxygen 
is likely to fall below the set standard during 16 hours of any 24-hour 
period and the standard set for the minimum dissolved oxygen at any 
time. There is a growing realisation among the investigators for the 
need of probabilistic streas standards (Loucks, 1967; Ledbetter and 
Gloyna, 1964; Thayer, 1966). Loucks (1967) proposes a probabilistic 
stream standard for dissolved oxygen as follows: 
The dissolved oxygen ooncentration in the stream during 
any 7 consecutive day period must be such that 
1. The probability of its being less than 4 mg/l 
for any 1 day is less than 0.2; and 
2. The probability of its being less than 2 mg/l 
for any 1 day is less than 0.1 and for any 2 or moae 
days is legs than 0.05. 
OBJECTIVE CIF THE STUDY 
In order to design any type of treatment plant, it is necessary 
to know what volume and concentration of pollutant may be discharged to 
the stream so that the stream standards are not violated. This implies 
that there should be methods to predict the response of the receiving 
stream to waste loads placed in it. Several mathematical formulations 
are available for predicting the dissolved oxygen responses, most of 
which are based on the pioneering work of Streeter and Phelps (1925). 
In all these formulations, the reaction velocity coefficients affecting 
the rat- of BOD removal, atmospheric reaeration, etc., are taken as 
canstants, though it w e s  recognised by a few investigators (LeBosquet 
and Tsivoglou, 1950; Eckenfelder and O'Conuor, 1961) that they are far 
from being constants. The main aim of this work is to acestain the 
significance of the variations in the velocity coefficient6 K1 and K2 
in defining the dissolved oxygen (DO) response of a receiving stream 
and to develop a procedure for determining the DO taking the variability 
in these rate coefficients into consideration, if these variation$ are 
significant. 
The specific objectives of this study are: 
1. To examine the relative importance of the variations in 
the reaatim velocity coefficients affecting the bacterial oxidation 
of the organic matter and the atmospheric reaeration of river water, 
in predicting the dissolved oxygen responses of the receiving stream. 
2, To determine the nature of variations of these velocity 
coef f icients and to formulate and test the hypotheses aoncerning their 
chance variations . 
3. To develop a procedure for predicting the dissolved 
oxygen in a river downstream of a waste source by taking into account 
the variations in these velocity coefficients. 
4. To enumerate quantitatively the chance variations in dis- 
solved oxygen responses in streams in terms of probability measure. 
The last of the four objectives mentioned above is extremely 
significant in the light of the guidelines established for water quality 
standards under the Water Quality Act of 1965, wherein it is stated that 
numerical values for quality characteristics and the measure of limiting 
values which will govern for purposes of the criteria should be defined. 
The increasing importance of this conoept will be felt as and when the 
stream quality standards are implemented and enforced, particularly with 
the advent of growing use of automatic stream monitoring installations. 
SCOPE OF THE STUDY 
The present study is limited to the following: 
1. The relative importance of the variations in reaction 
velocity coefficients on the dissolved oxygen response in the stream 
are evaluated using a hypothetical stream situation based on Streeter- 
Phelps' f emulation. 
2. The Ohio RiverrCincinnati Pool survey data for the river 
reach between miles 474.6 and 479.05, published by the U. S, Department 
of Health, Education and Welfare (1960) are used for determining the 
values of the velocity coefficients affecting deoxygenation rates in 
river samples. 
3. The data collected by the Tennessee Valley Authority 
(1962) for the prediction of stream reaeration rates are used for 
formulating the hypothesis concerning the chance variation of the 
velocity coefficient governing the rate sf atmospheric reaeration 
in rivers. 
4 . Stat isti cal models describing the chance variations of 
the two velocity coefficients mentioned above are formulated and tested. 
5. Using Monte Carlo techniques, two sets of data for the 
velocity coefficients are generated on the basis of the etati~tical 
models formulated. The generated data are tested and verified. 
6. The generated data are used in the conceptual model for 
the dissolved oxygen-biological oxygen demand (DO-BOD) relationship in 
streams for predicting the DO response. The conceptual model is verified 
using the Ohio River-Cincinnati Pool survey data and the probabilistic 
vaiation of the DO responses are studied. 
11. LITERATURE REVIEW 
The philosophy of protecting the  stream fo r  m c ~ s t  uses, even 
future  uses, is being increasingly accepted, s ince it is good from the  
standpoint of the  water user and the  public. I t  permits planned growth 
of water-using industr ies  and recreation s ide  by side,  and it prevents 
undue time lags between the  need f o r  water use and its realization.  In  
recent years, there  has been a great  deal of a t tent ion towards the  
systems analysis approach t o  water qual i ty  management considering the  
r i ve r  flow together with the  poss ib i l i t i e s  of affecting o r  controll ing 
the  qual i ty  of the  water a t  various use points by dams, water pur i f i -  
cat ion plants, and waste water and industr ia l  w a s t e  treatment plants 
(Thomas and Burden, 1963; Liebman, 1965; Loucks, 19653 Montgomery, 
1964; Worley, 1963). I n  most of these s tudies  (Loucks, 1965; Liebman, 
1965; Montgomery, 1964; Worley, 1963), the  c r i t i c a l  dissolved oxygen 
resu l t ing  frcm the  addition of organic waste t o  a water course is taken 
as a control l ing parameter f o r  studying the system performance, where 
c r i t i c a l  dissolved oxygen concentration is defined as  the  minimum con- 
centrat ion of dissolved oxygen i n  the r i ve r  below a waste ou t fa l l .  If  
such an approach is t o  yield more re l iab le  information, it is imperative 
t ha t  the DO response of the  receiving stream f o r  the  waste loads placed 
i n  it must be predicted with a greater  degree of accuracy than is pos- 
s i b l e  with the  methods adopted i n  these studies. 
The wastes discharged in to  a stream from municipal and in- 
dus t r i a l  treatment plants contain a large var ie ty  of chemical compounds. 
Of primary in te res t  i n  t h i s  work is tha t  portion of the  w a s t e  which is 
biodegradable and hence oarygen consuming. When t h i s  material is 
introduced i n  a water course, it undergoes biochemical oxidation, 
caused by microorganisms which u t i l i z e  the organic matter f o r  energy 
and growth. 
I f  suf f ic ien t  dissolved oxygen is present i n  the  water, the  
microflora a re  primarily aerobic, u t i l i z i n g  the dissolved oxygen t o  
carry out oxidation r e ~ c t i o h ~  producing water and carbon dioxide as 
end products. I f ,  howevar, suf f ic ien t  oxygen is not present, anaerobic 
organisms predominate resul t ing i n  wndesirable end products. Also the 
cancentration levels  of oxygen have profound e f f ec t s  an the  physiology 
and type of f ishes  found i n  the  water bodies. The l e tha l  e f fec t  of 
low concentrations of UO appears t o  be increased by the presence of 
tox ic  substances such as excessive dissolved carbon dioxide, aunnonia, 
cyanides, zinc, lead or  copper. 
I n  s i tuat ions  where maintenance of well balanced f i s h  habitat  
is one of the primary objectives, the s t ipulated standards fo r  dis-  
solved oxygen a re  tha t  it s h a l l  not be less  than 5.0 mg/l during a t  
l ea s t  16 hours of m y  24-hour period, nor less  than 3.0 mg/l a t  any 
time ( I l l i n o i s  Sanitary Water Board, 1966: Aquatic Life Advisory Com- 
mittee of ORSANCO, 1960). Where other uses l i ke  t he  industr ia l  water 
a r e  more important, the  stream standards adopted f o r  ouch uses with 
respect t o  DO d i f f e r  f ran the above. 
Because of the var ie ty  of oxygen-demanding organics i n  the  
wastes, it is common t o  measure the  s t rength of wastes i n  terms of 
t h e i r  biochemical mygen demand (BOD) rather  than t o  analyee f a r  the  
chemical consti tuents of t he  wastes. 
The m o s t  widely used mathematical models f o r  predicting the  
DO responses i n  a stream a re  e i t h e r  the one proposed by S t ree te r  and 
Phelps (1925) or the rnodified predictor equations based on Streeter-  
Phelps'formulation (Camp, 1963: Dobbins, 19641, though a few other con- 
cepts i n  DO predictions (Churchill and Buckingham, 1956; Thayer and 
Krutchkoff, 1965) have been put f o r t h  and applied with varying degrees 
of 6uccessc 
The Streeter-Phelps equation cansiders only two mechanisms 
affect ing DO, namely the removal of oxygen by bacter ia l  oxidation of 
organic matter and the absorption of oxypen from the atmosphere. F i r s t  
order kinet ics  are employed t o  express deaxygenation and reoxygenation. 
The r a t e  of removal of BOD on the  b a s i s  of f i r s t  order kinet ics  is 
given by: 
where L is the ultimate f i r s t  stage BOD (milligram per l i t e r )  remaining 
t o  be s a t i s f i e d  a t  any time t (days) and K1 (base e) is  the reaction 
r a t e  coefficient,  which depends on the character is t ics  of the waste, 
temperature, type of microorganisms present, and other environmental 
factors* The integration of t h i s  equation yields 
where La is the i n i t i a l  ( t  = 0) ultimate f i r s t  stage de?nandr Since BOD 
is measured i n  terms of oxygen conetaned, the ra te  of oxygen consunoption 
dD equals the r a t e  a t  which BOD is sa t i s f ied ,  ire., - = - $ = KILs where 
d t  
D is the dissolved oxygen defici t  defined as the difference between 
saturation concentration, C,, a t  the river water temperature and the 
oxygen cencentratim, C,  i n  the river. 
Reoxygenation process in  the stream due t o  atmospheric re- 
aeration is also considered as a f i r s t  order reaction which depends on 
the dissolved oxygen deficit ,  B. This can be expressed mathematically 
as: 
dC - = K2 (C, - C )  = K2D r - -  dD 
dt  dt  
where K2 (base e) is the reaction ra te  coefficient defining the re- 
aerat im process . 
Combining the rates of these two reactions, and writing the 
resulting equatian in  terms of dissolved oxygen deficit ,  the response 
of the receiving stream for a single waste sourue is defined by the 
differential equation as: 
The solution of this  differential equation with appropriate i n i t i a l  
conditions yields the well known and classical Streeter-Phelps equation 
for stream self purification capacity and is given as: 
where Da is the i n i t i a l  diesolved oxygen deficit  in  the river reach a t  
time t = 0 and 811 other terms are as defined previously. 
Figure 1 shows the typ ias l  oxygen sag curve. The point of 
meximum de f i c i t  (or minimum dissolved mcyge~ concentration) is known 
as the  c r i t i c a l  point. The c r i t i c a l  time, o r  time a t  which the  maximum 
d e f i c i t  occurs ( tc ) ,  and the corresponding maximum o r  c r i t i c a l  d e f i c i t  
(Dc) are defined by the  following equations as: 
and 
In the  river reach pr ior  t o  t he  c r i t i c a l  point, the  r a t e  of eieoxygena- 
t i o n  is greater than the  reaeration r a t e  and beyond t h i s  point, t he  
converse holds. The r ive r  is sa id  t o  recover i n  t he  l a t t e r  region from 
the  p@llutional load discharged i n t o  it. 
The shottcomoings and criticfsms expressed aga imt  the  S t ree t s r -  
Phelps equation, Eq. 5, f o r  stream s e l f  pur i f icat ion capaci t ies  and 
attempts of other investigators t o  modify these concepts i n  order t o  
imprwe upon t h e  p red ic t ims  are d i scused  i n  t he  f s l l m i n g  paragraphs. 
There are a lso  altogether d i f fe ren t  approaches taken f o r  the  prediction 
of DO response of the  streams t o  waste loads placed i n  it  and these a re  
discussed a l m g  v f t h  the  suggested mdi f ica t ions  f o r  t he  Streeter-Phelps 
concepts 
The Streeter-Phelps sag equation when f i t t e d  t o  stream DO and 
BOD da ta  have yielded such a wide range of values sf the  p a r m t e r s  K1 
and K2 u t o  suggest that some important factors  have not been taken 
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The merit @f employing a mathematical madel detreleped from 
data obtained i n  such o nmdynaaic system as BOD b o t t l e  and applying 
it d i r ec t ly  t o  o dynamic system such es a stream has been questioned 
i n  t he  recent paat (Gates, 1966; Camam, 1963; Nejedly, 19661, Gannon 
(1963) s t a t e s  
... it is apparent t ha t  no adequate explanation is 
available t o  account f o r  the  differences between 
the laboratory kl and the r i v e r  kr. This, no 
doubt, is pa r t i a l l y  due t o  inadequacies of the  
exis t ing BOD techniques. Probably i t  may never 
be possible t o  develop a BOD prooedure i n  the  
laboratory tha t  w i l l  duplicate the  natural  r i ve r  
conditions, but cer ta in ly  e f fo r t s  should be 
directed toward improving exis t ing procedures. 
I n  addition t o  improvement of the  laboratory 
BOD test it appears t ha t  much useful fundamental 
information could be obtained about BOD removal 
ra tes  f r m  controlled s tudies  using a r t i f i c i a l  
channels. This approach, then, would be somewhere 
betmen the natural  stream conditions and the  
highly a r t i f i c i a l  bo t t l e  nethoda. 
Isaac8 and Gaudy (1967) from t h e i r  s tudies  spec i f ica l ly  
designed t o  gain an insight i n to  the equivalence of K 1  determined 
i n  the  bo t t l e  and i n  a laboratory stream model, w i n g  synthetic 
sewage consist ing of equal par ts  of glucose and glutamic acid came 
t o  the oonclusion tha t  data obtained i n  BOD bo t t les  could be used t o  
make a reasonable prediction of the c r i t i c a l  DO provided the seed 
concentration i n  the BOD b e t t l e  was identical ,  o r  nearly ident ical ,  
t o  the  biologiaal  so l ids  ooncemtration i n  the  receiving streem. They 
fu r the r  observe, based on the model stream study, that a f a i r l y  ac- 
curate  prediction could be made by estimating the extent of the  f i r s t  
s tage exertion. Since there  conditions could be eas i ly  met by making 
observations on river samples obtal-ned downstresun of a waste source, 
the idea of extrapolating the BOD bottle data to river situations 
cannot be ruled out, at least until a better method could be devised 
and e~tablished. 
Nejedly (1966) holds the view that longitudinal mixing, i,e., 
mixing in the direction of flaw, induces contacts between particles of 
decaying organic substances with different detention periods within the 
river stretch considered, and hence a more rapid BOD reduction takes 
place in a streaa than in a bottle, This view is opposed to those of 
Camp (1965), Dobbins (1964), O°Connor (1967) and several others wfao 
hold that the effect of longitudinal dispersion is negligible in deter- 
mining streams' assimilative capacity. Though, Nejedly presents data 
to support his hypothesis, no quantitative ccmclusion for the effect of 
longitudinal mixing on the reaction coefficient K could be determined. 1 
It is generally recognized that the differences in removal 
rates of BOD in BOD bottles and in actual streams are due to the phen- 
omena of biological accumulation and removal of BOD due to sedimentation 
rithout the DO being affected (Gannon, 1963; O'Connor, 1967). These two 
removal rates are taken as the same in the absence of settleable or- 
ganic solids and fixed aquatic vegetations in the receiving stream 
(O'Connor, 1967). 
In spite of the fact that the bottle BOD technique has been 
subjected to eevere criticism, it has been used in one form or the 
other in determining stream assimilative capacities. Recognizing that 
deaorggenation due to bacterial degradation of organic matter is only 
one of t he  several  mechanisms which a f f ec t  t he  BOD removal i n  a 
stream, there  seems t o  be ample j u s t i f i c a t i on  i n  m i n g  the  data  
obtained i n  BOD bo t t l es  t o  determine r i ve r  s e l f  pur i f icat ion capac- 
i t i e s ,  par t i cu la r ly  when the  mechanisms affect ing the  BOD removal 
without oxygen consumption a r e  considered separately i n  mathematical 
nodeling. 
Another severe c r i t i c i sm voiced against the  use of S t ree te r -  
Phelps equation o r  its modifications is that the  so-called reaction 
velocity constant8 Kl, K2, etc., ore found t o  vary considerably, 
LeBosquet and Tsivoglou (1950) observe: 
The velocity constant f o r  reoxygenation, K2, is subject  
t o  wide v a r i a t i m  i n  d i f fe ren t  streams, i n  individual 
s t re tches  of any m e  stream and f o r  various r iver  
stages i n  the  stme s t re tch .  Although var ia t ions  i n  
K1 are  usually of somewhat l esse r  magnitude, they 
too may be appreciable, and i n  many s i tua t ions  it 
is qui te  d i f f i c u l t ,  i f  not impossible, t o  derive 
acceptable values f o r  these velocity coeff ic ients  . 
Churchill and Buckingham (1956) s t a t e  regarding the  va r i ab i l i t y  of 
these coeff ic ients  as follows: 
The s o  cal led constants K1 and K2 a re  determined 
from an intensive survey, usually a t  a f a i r l y  low, 
steady, flow, However, i f  another survey is made on 
the  same reach, even f a i r l y  soon a f t e r  the  f i r s t  
one, it a t  once becomes obvious t ha t  the "constants" 
may vary considerably from the values f i r s t  deter-  
mined., , .Therefore, when the derived "const ants" 
a re  f a r  from constant, the  resu l t s  of computation in-  
volving these "constcmts" f o r  other conditions of 
load, flow, and temperature, a re  cer ta inly  open t o  
question. 
The main aim of t h i s  work as s t a t ed  e a r l i e r  is t o  ascer ta in  the  s ig -  
nificance of the  var ia t ions  i n  t he  velocity coeff ic ients  K l  and K2 i n  
defining the  DO response of a receiving stream and to develop a procedure 
for determining the DB taking the variability in these rate coefficients 
into consideration, if these vari atisns are significant. 
Vele (1939) presented a method for oxygen balance studies in 
polluted rivers in which the atmospheric river reaeration is computed 
from an empirical relationship, established in a quiescent column of 
water, defining the relationship of the terms: percent saturation 
after a known elapsed time, linear depth of column, molecular diffusion 
coefficient, and the initial percent saturation of the column of water. 
The application of an empirical relationship established in a quiescent 
body of water to a dynamic system as in a river situation is highly 
questionable, particularly when the effect of molecular diffusion of 
oxygen is considered negligible in a stream. Also a family of curves, 
giving the relationship between BOD and time at temperatures OoC to 
30°C are presented for the purpose of determining the BOD reduction 
along the course of the river* Though first order reaction kinetics is 
assused in defining these curves, no distinction is made for the differ- 
ences in the characteristics of the wastes under examination, i.e., the 
percent reduction of the pollutional load in a given flow-through time, 
is taken as independent of the nature of the waste. Vsle's method 
suffers from the same shortcomings discussed earlier for the Streeter- 
Phelps formulation and in addition this method does not take cognizance 
of the nature of wastes which is an important factor in biodegradability. 
Thomas (1948) discussed a technique for stream analysis which 
recognizes that the K1 value may not be 0.23, the commonly accepted 
value in sanitary engineering practice, a d  also that there may be BOD 
sinks other than. tha t  represented by bio-o~ci dat i  on. Furthewore, his  
discussion indicates tha t  he did not consider these additional BOD 
sinks t o  be oxygen sinks. This technique requires that ,  through the 
use of the  BOD t e s t ,  the  values of K1 and ultimate f i r s t  s tage demands 
be determined a t  boundary s ta t ions  of a hydraulically uniform s t r e t ch  
of stream. The difference between the ultimate first stage BOD values 
of the  upstream and downstream s ta t ions  represents the reduction i n  
oxygen demand realized through the  reach. This infomation combined 
with the  time of passage, and assuming first order kinetics,  is used 
t o  determine the  r a t e  constant expressing the reduction i n  potential  
oxygen demand by the  biomass is determined by averaging the K1 values 
observed f o r  samples from the two boundary s ta t ions.  The difference 
between t h i s  r a t e  and the r a t e  observed fo r  the stream represents the 
r a t e  a t  which potential  oxygen demanding material is going t o  non- 
Optygen consuming sinks. 
Although t h i s  approach recogniees tha t  K 1  may vary, it assumes 
tha t  the  stream values of K1 and L can be predicted from bo t t l e  measure- 
ments. The concept t ha t  not a l l  potential  oxygen c o n s ~ t i o n  need 
necessarily be sa t i s f i ed  by actual consumption was a s ignif icant  con- 
t r ibu t ion  t o  stream analysis. But f o r  t h i s  modification, 'Ehmas* tech- 
nique is ident ical  t o  tha t  employed by St ree te r  and Phelps (1925) and 
subject t o  the  same previously-indicated reservations. 
LeBosquet and Tsivoglou (1950) published data f a r  t he  Ohio 
River indicating a radical ly  different  method sf  pollutional analysis 
employing s t a t i s t i c a l  methods. They established a l inear  relationship 
between c r i t i c a l  DQ def i c i t  i n  mg/$ end reciprocal s f  river flow i n  
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cubic f ee t  per second, with a high degree of correlation. This method 
permits d i rec t  analysis of oxygen-flaw relationship i n  a given s t r e t ch  
avoiding the  use of factors such as K1 md K2. The method outlined by 
them cannot give be t te r  resu l t s  than the  axygen sag formula s ince the 
character is t ics  of t he  w a s t e s  m d  the  reoxygenation capacit ies of the 
stream f luctuate  greatly and such variations w i l l  introduce inaccuracies. 
I t  is based mainly on the  sugeise tha t  the e f fec t  of t he  var ia t ions i n  
K l  and K2 are  re la t ively minor, which is mot a val id  conjecture as  w i l l  
be borne out by t h i s  study. 
Churchill a d  Buckingham (1956) extended the concept sf 
LeBosquet and TS i v o g l ~ u  ( 195 0 )  and presented an analysis smployi ng 
s t a t i s t i c a l  techniques of multiple correlation and giving the maximum 
d e f i c i t  i n  terms of a l inear  equation with 5-day BOD, water temperature 
and stream discharge as variables. The advantages claimed f o r  t h i s  
methsd are tha t  evaluation of factors  l i k e  K1, K2, L and flow-through 
ti- are avoided and tha t  the  c o r r c l a t i m  mcrlysis predicts the c r i t i c a l  
value reasonably well. 
The authors (Churchill and Buckingham, 1956) recmaend 
choosing a s t a t ion  for making 5-day BOD observations downstream of 
the  pollution, and as close t o  the c r i t i c a l  section as poscible, Since 
the c r i t i c a l  section i n  the r ive r  f l u c t u a r t ~  with vasiat iom fa stream 
flow, and the  character is t ics  of the  waste, the c r i t e r i a  suggested by 
the authors f o r  select ion of site far  making BOD observations t o  be 
used i n  the  regression arralysis is not easi ly  met s ince it is not 
feas ib le  t o  estimate the location of the  c r i t i c a l  section from t h e i r  
s t a t i s t i c a l  model. Also, it is not possible t o  predict the s t a t e  sf 
axygen concentration i n  d i f fe ren t  sections of the r ive r  using the 
correlation techique .  f t  is of paramount importance t o  estimate 
assimilative capacity a t  any deairad reach and not merely the c r i t i c a l  
reach of the  river,  par t icular ly  when comprehensive r iver  basins 
planning are envisaged with planned development of river.. 
Thomas (1961) presented a method called the  '*Step Methodn fo r  
estimating oxygen uptake in  a stream. Like the S t ree te rShelps  formu- 
la t ion,  only two meahanisas affecting DO i n  a stream are considered, 
namely the removal of oxygen due t o  bacter ia l  decsmposition and addition 
of oxygen from the atmosphere, even though he has emphasieed e a r l i e r  
(1948) the importance of c e n s i d e r i q  removal and addition of BOD due t o  
sedimentation and scour respectively. The anly departures from the 
c lass ica l  S t ree te rShelps  formulation a re  tha t  the bacter ia l  degradation 
of organic matter is assumed t o  be governed by secornd order kinet ics  
and tha t  the  values of 5 d a y  BOD are  used instead sf the ultimate f i r s t  
s tage BOD, In  the l igh t  of the investigationss of Young and Clark 
(1%59, a d  Isaacs and Gaudy (1967) discurssed ea r l i e r ,  the  "Step Method" 
does not appear t o  improve the predictive techniques f o r  stream self  
1 
pur i f icat ion oapaaities. 
1 
I Camp (1963), and Dobbins (1964) proposed equations which are 
!' very similar, f o r  predicting dissolved oxygen d e f i c i t  by taking i n t o  
account benthal demand, removal er addition of BOD due t o  deposition o r  
I scour, and photo8ynthesirr OeCorutor (19679 fur ther  extended these ideas 
i 
by considering the diurnal var ia t ion of oxygen addition due t o  photosyn- 
\ 
thes i s  iqstead of t rea t ing  it as time constant f a t  the whole 24-hour 1 
period ar i n  Campea model, and adding another term f o r  algal respirat ion 
! 
. 1  
i n  t h e  oxygen sinks.  Since these  l:'ormulations (Camp, 1963; Dobbim, 
1964; O'Connor, 1967) a r e  only modifications of the  basic S t r e e t e r -  
Phelps formulation, considering a few more p laus ible  mechanisms 
a f fec t ing  t h e  DO-BOD re la t ionsh ip  i n  streams, they do n o t  obviate 
a l l  t h e  c r i t i c i s m s  put f o r t h  f o r  t h e  Streeter-Phelps equation. 
Thomann (1963) postulated a mathematical model using the  
systems analys is  concept f o r  predic t ing t h e  response of any water 
q u a l i t y  parameter, a f fec ted  e i t h e r  by conservative o r  nonconservative 
pol lu tants .  The model is developed f o r  a one-dimensional es tuary  f o r  
which stream analysis  is only a p a r t i c u l a r  case. The made1 assumes 
t h a t  a body of water can be segmented i n t o  a d i s c r e t e  number of par ts  
each of which is t r e a t e d  as  a s t a t i o n a r y  l i n e a r  subsystem forming pa r t  
of t h e  whole system. The t . i m e  r a t e  of change s f  a water qua l i ty  parameter 
p a r t i c u l a r l y  W, i n  any of t h e  subsystems is taken a s  af fec ted  by t h e  
advection and d i f fus ion  of DO both i n t o  end out of the  system and by 
t h e  sources end s inks  of DO wi th in  each subsystem. These addit  ions or  
removals of W a r e  considered as  t h e  va r iab les  t h a t  force  t h e  DO t o  
respond. An equation representing s t a t i n a r y  l i n e a r  subsystem f o r  DO 
concentration a t  e given time, with the  sources and s inks  of DO as 
forc ing functions and a l s o  with f eed-back mechanisms f r ~ m  adjoining 
subsystems, is developed. Since t h e  subsystems t h a t  form t h e  overa l l  
system a re  a l l  IIimear, t h e  so lu t ions  obtained f o r  each subsystem are 
l i n e a r l y  superimposed t o  predic t  the  response of t h e  system as a whole. 
Though Thomann (1963) has indicated conceptually a method for 
predict ing t h e  DO response when t h e  decay coef f i c ien t  f o r  organic matter  
changes with time, no mention is made i n  h i s  theore t i ca l  development, 
how the  variations with time i n  thaa decay coefficients are evaluated* 
Morewer, the  possible variations i n  the reaeration coefficient ere  
overloaked. I t  is well docwsntsd (TVA, 1962) tha t  the maximum re- 
aeration coefficient observed under constant flow cmdi t i sns  i n  the 
Tennessee Valley r ivers ,  when the  temperatures remained nearly uniform, 
ranged approximately from 2 t o  9 times the minimum values depending on 
the character is t ics  of the r iver .  ThomarsnQs work marks a signif icant  
advance i n  pollution analysis wherein an attempt has been made t o  con- 
s ide r  a l l  the  factors  affecting W i n  a Body of water taking in to  account 
the  possible variations i n  s m e  of the parameters affecting the aystern. 
Thryer (1966) viewed the  oxygen relationship i n  streams as a 
s tochast ic  b i r t h  and death process with the  BOD and DO being increased 
and decreased By small amounts i n  a very short  interval of time, The 
s tochast ic  model provides for  the  joint  density function f o r  both pol- 
lut ion and dissolved oxygen fo r  different  i n i t i a l  condi t ims,  The ad- 
vantage claimed by the  author is tha t  i n  addition t o  pmdicting the  man 
DO concentration which is the s m e  as t ha t  predicted by the detemin- 
i s t i c  equation of Dobbins (19641, it affords a measure s f  the variance 
of DO from its mean value, thus enabling one t o  predict the probabili ty 
of W downstream of a source af pollution taking m y  given value. 
I n  developing h is  model, Thoyer (1966) did not consider the 
e f fec ts  of photosynthesis and algal  respiration. The prediction equation 
was ver i f ied with the data published by the Rsasour~ces Agency of California 
(1962) f o r  the  Sacremento River. Though the published data indicate a 
value f o r  K1 ranging from 0.12 t o  0.55 and ersphirsiee the importance of 
photosynthesis slnd algal respiration Sa the river reach below Sacra- 
mento, these effects were totally ign6red in the model verificatio~l. 
Also in the controlled laboratory experiments with dextrose as the 
mly substrate for simulating river conditions, values ranging from 
0.076 to 0.167 were obtained for K1 (Thayer, 1966). Whereas, in the 
verification of his theory with the results of the laboratory data, a 
value of 0.07 for K1 has been assumed on the euppssi tion that the as-  
sumed value is reasonably close to the observed valuese In the opinion 
of this writer, the verif icantion of the mathematical madel (Theyer, 
1966) either with the published data for the Sacramento River or with 
the laboratory data leave much to be desired, 
From the foregoing general discussion on the present state 
of knowledge concerning the stream assimilative capacities, it can be 
summarized that though there are strong indications from f i e l d  masure- 
ments for the variability in the parameters affecting DO-BOD relation- 
ship, and though a need for taking into account these variations is 
strongly felt, all the theories so far postulated except that of Thmam 
(1963) fail to consider this aspect. Even though there is cmeiderabBe 
criticism for extrapolating the BOD bottle observations to river con- 
ditions, this is the only expedient way available at the present time 
for defining the biolsgieal interaet%csns in the enviroment, The con- 
cept of first order kinetics, first introduced by Streeter a i d  Phelperl 
(19251, with the parameters determined by battle BOD tests will continue? 
to be used until a better and more reliable method is evolved to sub- 
stEtute this conoept . 
111. SENSITIVIT'Y ANALYSIS 
DEFINITION 
Sensitivity analysis applies t o  the concept i n  which a l l  
except one of the variables in a system are held constant and th i s  
single exception is allowed t o  vary through its f u l l  possible range, 
The effects  on certain system performance are noted, test ing the 
sens i t iv i ty  of the s y s t e m  t o  tha t  particular variable which is varied, 
If the measured output varies significantly,  the system is sa id  t o  
be sensi t ive t o  tha t  variable fo r  the given conditions, In a mathe- 
matical sense, the slope of the output as a function of input is a 
sens i t iv i ty  measure. 
Two variables of a system may be permitted t o  vary simultan- 
eously, each having an effect on the output measure, Mathematically 
t h i s  becomes a three-dimensional model; the output function becomes a 
surface rather than a l ine,  This is called a response surface. A well 
defined response surf ace contains at tcomes of a l l  possible combinations 
of the two variables. In a mathematical sense, the sens i t iv i ty  of 
the response surface to  a single independent variable is a par t ia l  
derivative of the response surface equation with respect t o  that  variable, 
PROCEDURE 
The suggested general procedure for  carrying out a sens i t iv i ty  
analysis is as follows: 
1. The independent variables of the system are l i s t ed  and 
the possible range of values fo r  each of the variables is ascertained, 
2. The value of t h e  response surf ace variable is calculated 
using nominal values. This value serves a s  a reference point. 
3, Percent change i n  t h e  response surface is computed by 
subs t i tu t ing  the low value of one of the independent variables. 
4 ,  The low value is replaced with an incremented value fo r  
t he  same variable as in  s t ep  3 and the percent change i n  t h e  response 
surface is evaluated, This is repeated un t i l  a l l  the  values within 
the  possible range of values f o r  the  variable under consideration a re  
covered. 
5. Steps 3 and 4 a r e  repeated f o r  each of the independent 
variables which is l ikely t o  assume a range of values instead of a 
s ing le  value. 
The above procedure f o r  individual variables analysis can be modified 
t o  t e s t  fo r  changes of variables i n  groups which may be related.  
Nominal Values in the  Streeter-Phelps Equation 
The Streeter-Phelps equation f o r  stream assimilative capacity 
(Eq. 5 )  w i l l  be used i n  the  s ens t t i v i t y  analysis fo r  determining the 
significance of the  variations i n  reaction velocity coeff ic ients  K l  and 
K2 i n  predicting the  dissolved oxygen response. I t  is generally ac- 
cepted i n  sani tary engineering practice t ha t  the  average value f o r  K1 
a t  20°c f o r  domestic wastes is 0.23 per day (base e )  (Fair  and Geyer, 
1954; Sawyer, 1960), even though values rangiw from 0.1 t o  0.7 per day 
are  indicated by some authors fo r  domestia and indus t r ia l  wastes (Camp, 
1963; Eckenfelder and OVConnor, 1961). The Kl value a t  20°C reported 
f o r  r i ve r  samples collected downstream of Sacramento sewage treatment 
plant discharge is found t o  range fram 0.12 t o  0.55 per day with an 
average value of 0.294 per day (The Resources Agency of California, 
1962). The cunputed K1 values for  the  Ohio River samples obtained 
during a 1957 survey (USPHS, 1960) i n  the r iver  reach between miles 
474.6 and 479.05, where a l l  the pollution entered prior t o  the reach 
under consideration, showed a range from 0.05 t o  0.32 per day with an 
average value of 0.173 per day. From the  average value ci ted for  
K1 in  the l i te ra ture  and from the  values of K obtained i n  actual 1 
r iver  surveys, it can be concluded that the nominal (average) value 
fo r  the purpose of sens i t iv i ty  analysis can be taken as 0.23 per day 
a t  20'~. 
The ncminal value f o r  K2 a t  20°c is not very well defined 
since it depends on the characteristics of the stream. The c l a s s i f i -  
cation of streams from reaeration point of view is only subjective i n  
nature. Fair and Geyer (1954) indicate fo r  large streams a value of K2 
(base e) a t  20°c ranging from 0.4 t o  0.7 per day. Eckenfelder and 
O'Connor indicate a common range of K2 from 0.2 t o  10.0 per day, the  
lower value representing deep slow-moving r ivers  and the higher value 
for  rapid shallow streams. In one s e t  of experiment8 (No. 14) in  the 
Holston River, which could be classif ied as a large r iver  with moderate 
velocity, K2 had a range of values from 0.10 t o  1.18 per day with an 
arithmetic average of 0.63 per day under comparable conditions within 
practical l i m i t s  (Buckinghsrp, 1966). Similar ranges of values were ob- 
tained in  a few other experiments corducted in TVA rivers. Hence en 
average value, i n  the ease of large stre-, fo r  K2 equal t o  0.6 per 
day a t  20°c w i l l  be a r e a l i s t i c  as-tionr 
Temperature Effects on Reaction Coefficients 
The importance of temperature e f fec t s  on the  veloci ty  coef - 
f i c i e n t s  K1 and K2 has long been well recognieed and much a t ten t ion  
has been f o c u ~ e d  on t h i s  aspect. S t ree te r  and Phelps (1925) described 
the  re la t ionship between K1 and temperature by t h e  expression 
i n  which K1(T) is the  deoxygeuration coeff ic ient  a t  any temperature T 
i n  degrees centigrade, K1 (20) i s  t h e  deoxygenation coeff ic ient  a t  20°C 
and 8 is t h e  temperature coeff ic ient ,  8 was found t o  have an average 
value of 1.047. Theriault,  as reported by Camp (1963), and Thomas (19611, 
confirmed t h i s  value of 0, based on h i s  Ohio River studies.  Recently, 
Zanoni (1967) i n  an attempt t o  e s t ab l i sh  the  temperature e f f ec t s  on 
t he  r a t e  of deoxygenation of a conventional act ivated sludge waste 
water treatment plant eff luent ,  found t h e  value of 8 t o  be 1.048 f o r  the  
t q e r a t u r e  range of 10 t o  30°C. Though the  observed values f o r  0 
varied within a small range, the  e f f ec t s  of t h i s  va r i ab i l i t y  i n  estimating 
t he  deoxygenatian r a t e  a t  other temperatures, knowing its value a t  
20°c, w i l l  not be s ignif icant .  This temperature re la t ionship with 8 
having a value of 1.047 w f l l  be used i n  cmputing t he  nominal values 
I a t  other temperatures, as  has been employed i n  e a r l i e r  works (Ecken- 
fe lder  and O'Connor, 1961; O'Connor, 1960; S t r ee t e r  and Phelps, 1925; 
Thomas, 1961; Worleg, 1963). 
Also, i t  has long been known from experimental evidence t h a t  
deoxygenated water w i l l  absorb oxygen from the  atmosphere a t  a higher 
r a t e  i f  the temperature of the water is raised, other conditions being 
held constant . In  the normal range of stream temperatures, a r i s e  i n  
water temperature resu l t s  i n  a decrease in  viscosity,  density, and 
surface tension. I t  is d i f f i c u l t  t o  distinguish the exact ro l e  played 
by each of these factors ,  Because it is only the net  overall  e f fec t  
of temperature on reaeration tha t  is of in te res t  i n  most investigations, 
experiments have been conducted i n  the past f o r  measuring reaeration 
ra tes  a t  several  temperature levels. Results of such experiments have 
been generally reported i n  the following farm: 
i n  which K2(T) is the reaeration coefficient a t  temperature T i n  degrees 
centigrade, K2(20) is the reaerat i  on coefficient a t  20% and @ is the 
temperature coefficient . Several authors indicated values f o r  B ranging 
from 1.008 t o  1.02 as reported by the Committee on Sanitary Engineering 
Research i n  t h e i r  Thir ty-f i rs t  Progress Report (1961). The committee 
(1961) concluded, a f t e r  conducting a se r i e s  of carefully controlled 
experiments t ha t  t he  thermal coefficient Q remains constant over a 
vide range of turbulence cmditions,  with a value of 1.0241. The re- 
lationship shown i n  Eq. 9 w i t h  @ equal t o  1.02Ll w i l l  be used i n  com- 
puting the  nominal values a t  other temperatures. 
Table 1 shows the nominal values of the  reaction velocity 
coefficients K1 and K2 a t  temperatures 10°C, 20°c, and 30°C used i n  
the  sens i t i v i ty  analysis. 
TABLE 1 
NOllI NAL VALUES OF REACTION COEFFICIENTS K1 AND K2 
Parameters Nominal Values 
A t  l O o C  A t  20°C A t  3 0% 
The range of values considered f o r  K1 and K2 a r e  0.1 t o  0.6 
per  day and 0.2 t o  3.0 per  day respect ive ly  with incremented values 
of 0 , l  pe r  day f o r  K1 and 0.2 per  day f o r  K2. The i n i t i a l  condit ions 
assumed f o r  ul t imate BOD and W d e f i c i t  i n  t h e  hypothetical  stream a t  
t h e  source of po l lu t ion  a r e  20 mg/l and 1.5 mg/l respect ive ly ,  which 
are cansidered as r e a l i s t i c  values f o r  these parameters, having been 
based on ac tua l  observations made on r i v e r  samples (Gannon, 1963; 
USPHS, 1960). Since t h e  e f f e c t  of temperature on u l t imate  BOD is 
considered ins ign i f i can t  (Gotaas, 1948; Thomas, 1961; Zanoni, 19671, 
no cor rec t ion  f o r  temperature e f f e c t s  w i l l  be  made f o r  es t imat ing  
i n i t i a l  u l t imate  BOD a t  d i f f e r e n t  temperatures considered i n  t h e  
s e n s i t i v i t y  analys is .  
RESULTS 
The c r i t i c a l  DO predicted by the  Stteeter-Phelps equation is 
considered f o r  evaluat ing the  response of t h e  hypothet ica l  stream 
system. The value  obtained f o r  c r i t i c a l  DO, when K1 and K2 t ake  t h e i r  
respect ive  nominal values, is t r e a t e d  as t h e  nominal value of c r i t i c a l  
DO f o r  the  given condit ions of i n i t i a l  BOD, DO d e f i c i t ,  and temperature. 
Percent devia t ions  of t h e  system responses are computed when K1 and K2  
3 0 
take d i f fe ren t  values within the  p ~ s s i b l e  range and these a r e  based on 
t h e  reference value f o r  t he  c r i t i c a l  DO i n  t h e  stresm. 
Eqr 5, which expresses t he  re la t ionship between D, La, Da, t, 
K1 and K2, becomes indeterminate when K1 and K2 are  equal. Since t he  
ranges.of values, which these two coeff ic ients  can assume, overlap it 
is necessary t o  predict the  c r i t i c a l  de f i c i t  when K1 equals Kt.  The 
solut ion far the  Streeter-Phelps formulation, Eq. 4, is given h e l m  f o r  
the  case when K1 and K2 are  equal. 
are t 
D = KILat exp (-Kit) + D, exp ( - ~ ~ t )  (10) 
The time of flow f o r  c r i t i c a l  de f i c i t ,  and c r i t i c a l  d e f i c i t  
A computer program incorporating t he  general Stteeter-Phelps equation, 
and the  so lu t ion  f o r  t h e  s i t u s t i a n  when K1 equals K2 was writ ten i n  
FASTRAN langaage f o r  t he  IBM 7094-1401 system t o  evaluate t he  s t a t e  of 
oxygen concentration a t  1, 2, 3, 4, and 5 days of f low-through time i n  
order t o  t r ace  t he  oxygen sag prof i le*  The program computes the  flow- 
through t i m e  f o r  c r i t i c a l  d e f i c i t  and hence t he  c r i t i c a l  d e f i o i t  and 
c r i t i c a l  W f o r  d i f fe ren t  combinatiaas of values f o r  K 1  and K2 with the  
assumed i n i t i a l  a n d i t i o n s  f o r  L, and Dar The flow diagram f o r  the 
sensitivity analysis computer program is s h m  i n  Appendix B. Knowing 
Che c r i t i c a l  DO i n  the  stream, it i s  then possible t o  reckon the  percent 
TABLE 3 
EFFECT OF VARIATION IN K2 ON PERCENT 
ERROR I N  PREDICTING CRITICAL DO AT 2O0C 
S a t u r a t i m  DO, Kt¶ K29 C r i t i c a l  Def ic i t ,  Percent Percent Devi a t  ion 
m/l per Day per Day m d l  Saturat ion f r m  Nominal Value 
9.20 0.23 0.20 8.49 7.72 84.63 
0.40 5.88 36.09 28.14 
0.60 4 058 50.22 0.OW 
0.80 3.78 58.91 17.30 
1 a 0 0  3.23 64.89 29.21 
1.20 2.84 69.13 37.65 
1.40 2.53 72 50 44.36 
1.60 2.29 75.11 49.56 
1.80 2.10 77.17 53.66 
2 .OO 1.94 78.91 57.13 
2.20 1.81 80.33 59.96 
2.40 1.70 81.52 62.33 
2.60 1.61 82.50 64.28 
2.80 1.55 83.15 65.58 
3.00 1 .SO 83.70 66.67 
* Nominal value. 
than the assumed average value, the rate of reaeration will be can- 
siderable compared to the d~oxygenation rate with the result that 
the critical deficit in the system will be the initial deficit it- 
self. This upper bound for the percent error in DO prediction varies 
with the temperature. 
Table 5 shows the sensitiwity of the system for the vari- 
atians in K1 at 10°c, 20°C, and 30%. These are plotted in Figure 3. 
Figures 4 to 6 show the relative effects of the deviations in K1 and 
K2 an the sensitivity of the system at temperatures 10°C, 20°C, and 
30°c respectively. The curve marked as "laver scale" indicates the 
sensitivity of the system when Kg varies and all other parameters of 
the system remain Castate Likewise the curve marked as "upper scale" 
refers to the oensitivity of the system when K1 varies while other 
parameters remain constant. It is seen from these ourves that except 
at 10°c, the variations in the velocity coefficients are equally sig- 
nif icslnt in predicting the critical DO. At 10°c, the error in prediction 
when K1 takes values greater than its nominal value is much m o m  than 
the error due to the variations in K2. 
Generally, it is seen that the errors in prediction due to 
the variations in the reaction coefficients a m  considerable, with the 
result that there is no justification for using average values for 
these parameters in prediating dissolved oxygen concentrations. Hence 
it is postulated that by treating the velocity coefficients as variable 
coefficients instead of as canstant: coefficients, the values predicted 
by mathematical modeling can be made to approach the true value for DO 
deviations in the predicted DO from the reference value when one of 
the reaction coefficients takes different values within its practfcal 
range of values while the other reaction coefficient assumes its 
nominal value and a l l  other parameters are held at thei r  respective 
aonstant values. 
Tables 2 t o  4 show the sensitivity of the hypothetical river 
system for  the variations in  K2 a t  100C, 20°c, and 30°C respectively 
fo r  the assumed in i t i a l  cmditions of BOD (20 mg/l) and DO defici t  
(1.5 mg/l). These are shown plotted in  Figure 2. When K2 takes the 
nominal value a t  a particular temperature, there w i l l  be no error in 
predicting the response of t h e  systm. However, when the actual value 
of K 2  is lesser or greater than the nominal value, the actual value fo r  
c r i t i ca l  DO w i l l  be different from its nominal (reference) value. The 
figure clearly shows the temperature dependence of the sensitivity of 
the system for  the variations i n  K2. The error in prediction increases 
with increased deviations of t he  coefficient K2 and this  becomes ia- 
creasingly significant a t  higher temperatures. Also it should be noted 
that there are upper bounds fo r  these errors when the actual values fo r  
K2 are lesser or greater than the nominal value. When the value is fa r  
less than the nminal value, the ra te  of deoxygenation axceeds the rate 
of reaeration with the result that the c r i t i ca l  defici t  could reach its 
limiting value equal t o  the DO saturation concentration for  the given 
temperature. In such a case, maximum deviation could only be 100 per- 
cent, and th is  effect is seen for  the situation when K2 equals 0.2 per 
day at  30%. On the other hand when K1 has a value considerably greater 
TABLE 3 
EFFECT OF VARIATION IN Kp ON PERCENT 
ERROR IN PREDICT1 N; CRITICAL DO AT 20°c 
Saturatiam DO, K1, K29 Critical Deficit ,  Percent Percent Deviation 
ma/l per Day per Day mn/l Saturation fran Nominal Value 
3.00 1.50 83.70 66.67 
* Nominal value. 
than the assumed average value, the rate of reaeration will be ccm- 
siderable compared to the deoxygenation rate with the result that 
the critical deficit in the system will be the initial deficit it- 
self. This upper bound for the percent error in DO prediction varies 
with the temperature. 
Table 5 shows the sensitigity of the system for the vari- 
ations in K1 at 10°c, 20°c, and 3O0c. These are plotted in Figure 3. 
Figures 4 to 6 show the relative effects of the deviations in K1 and 
K2 on the sensitivity of the system at temperatures 1OoC, 20°C, and 
30°c respectively. The curve marked as "luwer scale" indicates the 
ssns itivity of the system when K2 varies and all other parameters of 
the system remain ccmstant. Likewise the curve marked as "upper scale8' 
refers to the sensitivity of the system when K1 varies while other 
parameters remain c-tant. It is seen from these ourves that except 
at 10°c, the variations in the velocity coaff icients are equally sig- 
nificant in predicting the critical DO. At loOc, the error in prediction 
whem K1 takes values greater than its nominal value is much more than 
the error due to the variations in K2. 
Generally, it is seen that the errors in prediction due to 
the variations in the reaction coefficients are considerable, with the 
result that there is no justification for using average values for 
these parameters in predicting dissolved oxygen concentrations. Hence 
it is postulated that by treating the velocity coefficients as variable 
coefficients instead of as c w t a n t  coefficients, the values predicted 
by mathematical modeling can be made to approach the true value for DO 
TABLE 4 
EFFECT W VARIATION IN K2 ON PERCENT 
ERROR IN PREDICTING CRITICAL DO AT 30°C 
Saturat i on DO, K1' K2 9 Critical Deficit, Percent Percent Deviation 
an/l per Day per Day mr/l Saturation from Nominal Value 
7 06 0.36 Oa2O 7.60 0.00 100.00 
0.40 7.52 1.05 96.63 
0.60 6,02 20.79 33 .34 
0.76 5.23 31 039 0.0W 
0.80 5.07 33.29 6.73 
1.00 4039 42.24 35 042 
1020 3.89 48.82 56.52 
1ofdJ 3.50 53.95 72.97 
1.60 3.18 58.16 86.47 
1.80 2.92 61.58 97.44 
2.00 2.71 64.34 106.28 
2.20 2.52 66.85 114.33 
2.40 2.37 68.82 120.65 
2.60 2.23 70.66 126.54 
2.80 2.11 72.24 131.61 
3,OO 2.00 73.68 136.22 
* Nominal v8lue. 
Raaaration Coafficiont, K2, par day 
FIGURE 2, EFFECT OF VARIATIONS I N  K VALUES ON PERCENT 
ERROR IN P ~ I C T I N G  THE CLTICAL DO AT D I F ~ E R -  
ENT TEMPERATURES 
than the assumed average value, the rate of reachration will be con- 
siderable compared to the deoxygenation rate with the result that 
the critical deficit in the system will be the initial deficit it- 
self. This upper bound for the percent error in DO prediction varies 
with the temperature. 
Table 5 shows the sensitiwity of the system for the vari- 
ations in K1 at lo%, 20°c9 and 30%. These are plotted in Figure 3. 
Figures 4 to 6 show the relative effects of the deviations in K1 and 
K2 0" the sensitivity of the system at temperatures 10°C9 20°C9 and 
30°c respectively. The curve marked as "laver scale" indicates the 
sensitivity of the system when K2 varies and all other parameters of 
the system remain carstant. Likewise the curve marked as "upper scale" 
refers to the sensitivity of the system when K1 varies while other 
parameters remain constant. It is seen from these ourveo that except 
at 10°c, the variations in the velocity coefficients are equally sig- 
nif icmt in predicting the critical DO. At 10°c9 the error in prediction 
when K1 takes values greater than its nominal value is much more than 
the error due to the variations in K2. 
Generally, it is seen that tho errors in prediction due to 
the variations in the reaction coefficients are considerable, with the 
result that there is no justification for using average values for 
these parameters in predicting dissolved oxygen concentrations. Hence 
it is postulated that by treating the velocity coefficients as variable 
coefficients instead of as constant coefficients, the values predicted 
by mathematical modeling can be made to approach the true value for DO 
TABLE 5 
EFFECT OF VARIATION I N  K ON PERCENT ERROR I N  
PREDICTING CRITICAL w AT A I F F E R E ~  TEMPEI~ATURES 
Temperature, Saturation DO, K1, K2 • Cri t ica l  Percent Percent De- 
Deficit Satu- viat ion from Remarks 
OC an/ 1 per Day per Day m%/1  ra t ion  Nominal Value 
10 11 030 0.10 0.47 3.06 72.92 13.80 
0.15 4.06 64.08 0.00 Nominal Value a t  1 0 " ~  
0.20 4 089 56.73 11.47 
0.30 6.24 44.78 30.12 
0.40 7.30 35.40 44.76 
0.50 8.18 27.61 56.91 
0.60 8.90 21.24 66.85 
Nominal Value a t  20°C 
Nominal Value a t  30°c 
D.axyg.nrtion Comff ioient, K1, par day 
FIGURE 3. EFFECT OF VARIATIONS I N  Kt VALUES ON PERCENT ERROR 
I N  PREDICTING CRITICAL DO AT DIFFERENT TEMPERATURES 
3 9 
Dooxy~.nrtiam Cwfficient, K1, per day 
Reaeration Coeffiaient, K2, per day 
FIGURE 4. COMPARISON OF THE EFFECTS OF VARIATIONS IN K1 AND 
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IV. PROBABILISTIC VARIATIONS IN 
VELOCITY COEFFI CI E N S  
It has been found that in many of the practical problems 
which defy theoretical solutions, an approximate but workable solution 
could be found using Monte Carlo techniques, In these methods, it is 
necessary to specify g priori the probability distributians for the 
ramdom variations of separate events which are then merged into a 
composite picture. Few attempts have been made to define the chance 
variations, in terms of probability masure, for the initial BOD and 
DO at the source of pollution, Montgomery (1964) assumed the daily 
variations of w u t e  loads, in terms of BOD, to be norenally distributed 
and the assumption was based on considerations given to the histories 
f ran Gary, Incliama, Galesburg, Illinois, Dallas, Texas, and Racine, 
Wisconsin. Whereas, Thayer (1966) in an attempt to formulate a stochastic 
model for pollution and dissolved oxygen in streams postulated, without 
verifying the assumption, that the initial BOD and DO in a stream vary 
independently according to the binomial distribution law, Though it is 
conceptually feasible, under certain simplified assumptions, to consider 
all the separate events involved in the mathematical model for stream 
assimilative capacities as random events, attention will primarily be 
focused on the variations in velocity coefficients K1 and K2 and the 
propased probabiliotic model will be tested for known initial conditions, 
VARIATIONS IN THE DEOXYGENATION COEFFICIENT 
As has been mentioned earlier, it is well documented that the 
deoxygenaticm coefficients of domestic and industrial wastes at any given 
location vary considerably and attempts have been made to formulate 
3q7 PWIQAUT S3'[3~~~~~ aIB3Bwl aq3 02ona 'aSU%W 317S$tIlm 
-;ramp B UB A~a~~awalamnb emdsea pjqoxalm pm sa~aslaaa3t)~bya ease& 
UJ saBmyo 3s Bgqsuolaw1aa-.zeaul eqa aa~pa~d oa a~qlsaod aou ST ag 
Qseqoxalm aqa so$ eaa~asqns aqa p saTaslae3oelsqa ul sa8uwqa aqa pule 
aaes~xi uogaqndod KBlclOX3lI 30 uofaaqlaaslp edAa pur, Aal1lqwla eqa oa 
-3aaoszwqa aqa aulaep qalq~ saeaemmd oqa 30 aug euoyasnals 1wnaav uv 
ul peao;raue% eatma aqa uuqa zaqawa aSw~at alaaqalllCs am oa Aaeusoama s1 
a1 6seTprp3s ps%Tblauoa aya 30 asom ul "amla oa amla usold LXBA Q~l%la~ 
alasamsg 30 essqa 6'~rw11nag3aod 'aasrtah 6- go salaslsaaa%.xqa aqa awqa 
pemnssw 6111483 uaaq slsq a1 *aalaaw.xd 8ugaaeulBua basamws UI 
' aUn033W 
awl s?ualalg3=s uogaawea ul se~a11lqe1-x~~ IWllma (~~41) sdKaqd pure 
aeaaeaas go sadeausa aq? paraax@ 03 dzesssoau sl 31 '(~~61) no18oals& 
"a XPPU~~~? 
u~ paaaaesezd pm slop gaysg~qnd eq% maj ga3auaasqr~ &IV sa~ws 
;raayz UCB eaep ~t-~g a%-Bu~~ aq;~, @~DB@I e~qa motp arehyz oya aa%ue 138U 
-upul~ moaj 8ulawtaaae spaay %wr%o~ana~od aqa lxy 'Apnas s~qa UP pesn oy 
~9~~8% pus 9mf~f eseTlan aremaeq qaoe.3 aqa u~ poaae~-[o:, se%&ms zaap no 
@ak?p UQg IEZa3-8~01 Bq2 'U0$3~n3f~ lWtlJ38 UB U1 Tn 311813134889 a383 BY2 
go ouogasgasa a~asa~1qoqo.xd cay2 Bu16pnas yo sesodrnd .IQJ Opaauasaad 
#03aa Bs~~ms~z %eaa (,,ef 3a0q qawa pare 1q877[(1) uopaanpoad uaBAxn 
a1~sqaarr6soaoyd 'salnsem 3sea t-~a 6s~p~ano aunlgya 30 waa?smop sa~dms 
asap PUB %UBF%T~~ auqd ?nm3@eaa a%=aes 303 salnsaa ?ma a08 (aoOz) 
mtaa-81101 w, uo13earsro%u1 saVmaax3 .peqsg%qnd vavp Aauns uo1anlled 
SaA83 11s 36 301 ~A~~N~~SAZ~~~ ptl@ aA1SU€+2D a%om aq? 30 eU0 Sl gl~~~ 
~awwlautga @y? 30 A?ka@dua aAPawlympsse ~shb oausmenoadrn~ %wroyaoS~~eu 
go saaogga sqg 30 azslaonlsae sqa y?Ia no1?3amss al: (~96~) aopuas 
qaTsaH a1lqna ~433~3s pw~ean eqa bq peys~lqnd P- ge?3@%~0a 6=~1~ ~Pqo 
eqa 3s Aa~.~aas ~~61 E mzj sawr~ ewola~duasqa ;rsgs uodn 31: smq puw 
aae.[loa o? rsy uo~anlos BUT .aG?u~aweaun  onpa pa JO Rua aug *mo~~~nsos 
-qa qq1smB ~'ge jo Aarrwataj oqa ma2 s~dms aayavaueeasdea ssel 
30 aaom e LTUB eaw msgaouesw aolna~aaod oqa so qsnaml u1wxxaaun 
ere suo1snTauoa eq? %eqa ppe~gaosss Paolasuasqo swlnapwwd 
go slsrq sy? uo snwf ~eir;rsueb8 8arlzaa3~~ sg suo aeaaueypa 
B~T~TSIB)S 33AlW QIW aqa go aenpd Ty 
@Aay~~qwqezd js segzsaqa eqa zap- paaweza 
&slag so3 pealas g~aa baa sl a$ Bsuola~ngonl~ mguss 0% 3aafqns 
caw slrsaao;a %u~anq$;rauoo eqa $0 asom amw #ssem;rd uo~?anae%kxoap 
6~lR¶W3) peJteplSU@3 6~~09aub8 +I11 a3UlS * (Lg6l 6S9~yJ, f056T 'AOtIs 
pm g$i@~g~ f9g6T Ca~ld) ~e~np~3618 ~~3lqd~S pW pmlaw?nd 
-ma rsaozo3lz ssel 30 ~udola~ep aya raaaea 8) uaaq pwy aqmp ou 
s~qa pm eAloreaxe sl rtolataadmoo puwq roj &xsssaaoaa emla eq;d *Ix go 
aasrn~are go08 @ g%e$d d~~onarae~s ly9 aanpeaead aya mod sl aamlasa 
slqa 31 UBAB araq *~warlulau sq 1~1s molasraal 30 raqemo eya 'poo8 sl 
oapafaca lw~afuy aqa ji b~snelaqg Oreqaourr am yawo~tdde jo senlwA 
gaawlnalwa pw p~wsss eya lpaun *sgao~ asqao ul ao gl18ars SJ aoaoo~ 
uolaaaaaoa aqa 11aun enlwa lX paaaezxoa eqa qaw poaoeder sl uolaurado 
eqa *enloA lg pamrm aya oa aoaawj uolaaeraoo o Elulufmreaap ul tasp 
pauosqo aqa yal~a aaqaasoa pssn ueya sl sgya ptm gl~ JO enlsr ltlaa 
e amsm sa 1E%Beseaau sg a1 yolafa ul peta sl roare pue lwlra 8alalo~rnl 
$tlt~gaE?salx@addar alsaaaons p poyam B gasnpaw.xd eya jo uralaeallddw 
eqq UI *sun:, aolnaalomuom peaall eqa p wawp pauasqo aqa uaamaq 
eroara lsnplser oya Bulalmlulrn roj eldloulad somnbs assal aya warn 
yalya (1661) alnwpsgL pm poeg r~q pesodoad awa lx ~-I~IJJ-~ 
6ala0laA eya ;I0 UOlaPlnalPa3 @qa 303 TOyaPPa 18ll1WS By3 JO i)q 
*agg eawrmlaln ttagpued 
-SeXJOo bqa pUW aU3l3l33903 $10la~U@8d$t8p $0 UOJa@nlWA@ Bl$a 303 aln38 
~aealx aya ul pearsdez earn snozemu eqa 3s peaaelas aq sa pwy pqaw 
m~ omolaaom rapao aszl~ 10 ml1[~3~%(bglouom 81 03 Sulpaoaae spaaaord 
arol3ouaBdExoep JO o8laas asag3 aya 3-3 pwmss~f eq f 'I p~ a1 re3~adea 
-48 lwa~ua8 pus @%Om ~@uolalpw.x~ 833 JQ) emwaaq 'awqa ael'paa paaora 
m a *waeg psuesqo ega alj aaeq qalq s~ma mlnaelomuem 3q3 
ejndmo oa -1 dew axam t~q? %lqollsaw wasp a08 aya Z~UIAWH 
sewas qses ul aA@p u+a uTqap myae~~osqo xge ?paan ea;peya semo 3soa UI 
S~~TWA aog ea2~;ls ass13 eawmyaTn PUB 1~ tugandma 203 petlaem alnwlzeqz 
-paex @qa UT pam azw Aep qwaa eq7 03 dn pweoqo w3up UO~SSOIL%O~~ 
aog sga *OSTV @Apnae slqa a1 gelraplms aou SI ure~awol~~ayu 03 anp 
paranap ue%Axo 6sXsp rnoj mqa szsm za~su el Bean8 aqa ul pen~onul =la 
ysnosqa-&s.gj eya eaugs eA~~ns ~S)AJ)J 03qo eq3 UI panlB7qo s31nsa aqa 30 
1as3gd63 azo ezsq g@auoeerd swno u~lasaz8ozd aog aq& @6wp qaua3 eqa 
punoae lo uo u~ ass 62 punoj sl ssamzd u8%a83~g~.x~~u eqa PUB paue3s%p 
%el @lQea3laoU OU 'U~P~B e3@H 'W633W 1-g l7WWUlDUl3-ZaAla Olqo 8l43 
ul paugeaqa ssldms $anla oqa ~og salnaea arolseaz8ozd (ao0z) we3 
-8-1 aq3 6 @~Rfal,d 'SaSOa B1338q Bqa kIl W8383l3TJaJU 30 
eqa -8ulpToa@q 6Kep qawa pmom lro UQ saawlnap wlssezS6~ld a08 UJ 
puaa aqa 6osly @oexdms asaq3 30 aeyale ul sqeadn uaBAxo 1el21ul ul 
8w~ ou:sl alaqa wq;l uaas R~~~oBI sl 316 @znnqd 3m30s13 sswdaas ymnel~ 
e12717PW yea33 ~IW -33 se~dms auenffae lo2 wawp aog (D002) =aa 
-8~01 aqa moq8 8 @@adp uol~sar%osd eqa uf 3ma'(~'(@ls are 
saaagp ossqa 31 Buolawa~a%aa~u 03 anp pwmep w%Rxo pw eyrpjdn UB~AXO 
ul Sell 1w%;llnl eqa ;reg swgaoeaaoa eqaa oa baosse3eu sl 71 6pm~p 
swseoowgaraa e8reas asa~~: eqa at02 oaaaomzwd eqa iaululua3op UI 
@ (IE61) 
a~,wega;a,q& pw psoa 66q peadopw aoqa ww -s aqa s1 mrSozd ze3ndmo oqa uy 
FJ~ mzselp mTd wa anr pem Bo1sulmea ebq% @Asp rad SQQ@~ ass sr~ 
1x zoa senvA peaaeaso p- pamskpe aqa =swoq alral~ aomze~sa eya pm 
'L aI@%d ul moqs 61 m~~blozd aaa~dwa aqa 303 wz%wgp I~~PXJ aqz .wasp 
aog pgdLaesgo eqa aog saswmmr@d eseqa ttalaoa~o~e ulApnas s~g ul pam 
sl psga- o1q3 aaog ateas aaew3Tn pm Ig aso3 mslaenr~aso o~qwl~w 
z(Z31~ 3 ) - zZ33 z133 
1'13 2~113 - ~~13 Zz~3 
*aoaawj UOI~WHO~ 303 alrnl1 
eam.xatoa p1.18 dX aoj onrw* pewreg~sa "~wp 
(a) ~13 "A) a08 moa samxmi mdul poea 


of BOD progression tests and five olb~~seffvations in a very few cases. 
The values for K1 (200C) and ultimate first stage BOD computed for 
each series of observations m the Ohio River samples are shorn in 
Appendix D. 
Randomness Test 
Many nonparametric statistical procedures are based an the 
assumption of a random sample of mivariate observations. Also 
randomness sf a set of obsematisns is sometimes itself the property 
investigated. Although the concept of independent sbselwations, a 
random sample, is well-known, it is worthwhile to define it here. A 
sample of n observations, xl, x2,..*,q, from a population with dis- 
tribution function F(x) is called a ~andsm sample from that population 
where P is the probability of observing a value less than or equal 
to the stated value. When a set of observations is malysed, the firot 
step is to investigate whether the obsewatims may be regarded as a 
random sample or not. The next step is to formulate a hypothesis for 
the type of distribution sf the population from which the sample is 
supposed to be drawn randomly and to estimate values of the parameters 
of the assumed distribution based an the sample. 
The most coataon case attempted is that showing the relationship 
of an effect to many causes of which a smell number of the causes exert 
greater influence than do all others. In such a case, when neglected 
variables, inherent errors,  md nonPnmagmeity of  data have relat ively 
small effects,  the relationship between the remaining limited number 
of variables would indicate a narrow spread around a basic function. 
Stoltenberg and Sobel (1985) i n  t h e i r  study t o  determine the effects  
of sampling location, organic loading, t i da l  stage, and sample col- 
lection temperature on K1 values f o r  various samples obtained i n  the 
Delaware Estuary, came t o  the conclusion based an analysis of covari- 
ance tha t  these factors did not have s ignif icant  effect  on K1 values., 
Hence it  is hypothesized that  the variations i n  K1 values a r e  generally 
random, not a t t r ibutable  t o  any def in i te  cause with certainty and 
t h i s  conjecture was subjected t o  s t a t i s t i c a l  randomess t ea t s  using 
the observed K1 values fo r  the Ohio River samples. If the hypothesis 
f a i l s ,  then one has t o  separate the trend i n  the ser ies  of observations 
made and study the random variations about the observed trend. 
Determination of Sequence Orderr The f i r s t  s tep i n  applying 
a t e s t  of the randam sample hypothesis consists of placing the n ob- 
servations considered i n  an appropriate sequence order (Walsh, 1962) ,  
The method of assigning the integers 1, .,,,n t o  the n observations 
depends on the  experimental s i tua t ion  considered, A common method of 
assignment is on the basis of the times a t  which the obsenrvatisns are 
prduced. Then the f i r s t  observation produced is assigned the integer 
1, etc .  The observatiarms can be ordered on the basis of location. 
Also a combination of location and time can be used. In the Ohio 
River survey, samples from the r ive r  reach under consideration were 
collected fo r  analysis fmm f ive  locations s t a r t ing  from the head end 
of t h e  reach and moving downstream t o  cover a l l  t h e  fsesttorns and t h e  
whole operat ion wcas repeated severa l  times. Since the  f a t e  of pol- 
l u t i o n  m d  t h e  condition of axygen concentrat isn i n  t h e  r i v e r  as t h e  
w a s t e  discharge flows along the r i v e r  are of pri~mary importance, t h e  
obsenra t ims  f o r  K1 values a re  ordered on t h e  bas i s  of t h e  times a t  
which t h e  observations a r e  produced. The sequence of observations 
thus obtained was then subjected t o  randomness t e s t a  which a r e  d i s -  
cussed i n  t h e  following s e e t i  arts, 
Another approach would be t o  group t h e  observations according 
t o  t h e  place of observation s o  t h a t  any decreasing trend i n  t h e  K1 
values could be discerned and isola ted .  I t  is l i k e l y  t h a t  t h e  K1 values 
of r i v e r  samples decrease i n  t h e  downstream sect ions  a s  t h e  more 
read i ly  degradable organi c s  a r e  oxidized. This approach is mot ccm- 
s idered i n  t h i s  study s ince  t h e  r i v e r  see t ions  from which samples were 
obtained i n  t h e  Ohio f i v e r  (USPHS, 1960) are not separated f a r  enough 
t o  give any meanimgful r e s u l t .  
Runs Up and Down Test. Considering a sequence of n d i f fe ren t  
observations xl, x2,. . . ,x, a n d  t h e  sequence of s igns  (+ or -) of the  
(n - 1 )  d i f ferences  (xi+1 - xi) ,  a sequence of s u e c e s s i w  + s igns  is 
c a l l e d  a run up and a sequence of successive - s igns  a run d m  (Hald, 
1960; Walsh, 1962). The length of a run is given by t h e  number of sme 
s igns  defining t h e  run. The t o t a l  number of rum is denoted by R, t h e  
number of rum of length i by ri and the  number of runs of length k o r  
more by Rk where 
The expected value f o r  t h e  t o t a l  nmber  of runs E(R), and t h e  variance 
i n  t h e  number of runs V(R) a r e  given by 
and 
Also f o r  n > 20, R may be regarded as normally d i s t r i b u t e d  
with good epproximatioa. The expected number of runs up and down of 
length k o r  more i n  random arrangements of n d i f f e r e n t  observations f o r  
values of k from 1 t o  7 a r e  given by Hald (1960) i n  Table 13.10, 
I f  t h e  hypothesis a l t e r n a t i v e  t o  the  hypothesis of randomness 
is t h a t  a gradual change i n  t h e  l eve l  of d i s t r i b u t i o n  has taken place 
during the  drawing of t h e  samples, such a change w i l l  produce t rends  
o r  cycles i n  t h e  observations, s o  t h a t  one or  more long runs may be 
expected t o  occur and t h e  t o t a l  nmber  of runs w i l l  be small. The 
hypothesis of randomness may the re fo re  be t e s ted  by means s f  the  t o t a l  
number of runs, a small number of runs being s i g n i f i c a n t  and f u r t h e r  
by means of length of run. ,  very long runs being s ign i f i can t .  
The sequence of observati  OIW f o r  K1 values gives t h e  d i s -  
t r i b u t i o n  of runs up and down a s  shown i n  Table 6. For a t o t a l  number 
of observations of 83 f o r  K1 values, t h e  expected number of rums and 
t h e  corresponding variance are given by equations 15 and 16 a% 55 and 
14.4 r@spectively. The di f ference  between t h e  observed and expected 
number of runs is -2. The standard deviat ion f o r  t h e  t o t a l  number of 
runs is 3.8, t h e  variance being 14.4. Hence t h e  devia t ion of t h e  
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observations are given respectively as 
and 
For the river K1 values, the actual number of turning points 
in the sequence of oboervatigls is 52 as against the expected value of 
54.7. The distribution of "phaoesU for the observed Kl values are shown 
in Table 7. The observed values for the total number of turnin8 points 
and for the "phmes" of different lengths are so close to the theoretical 
values that the hypothesis of random variations in K1 valuu cannot be 
rejected. 
TABLE 7 
DISTRIBKRION OF 'THASESn FOR THE SEQUENCE 
OF QBSERVATIOE FOR K1 VALUES 
OF THE OHIO RIVER SAMPLES 
Phose Number of Phases Number of Phaes 
Lennth Observed Theoretical 
Total 51 53.8 
Hypothesis and Hmothesio Testin& 
The frequency of occurrence of the observed Kl (20%) values 
f o r  tb Ohio River samples i n  di f ferent  c lass  interval8 are shown i n  
Table 8. The sample mean and standard deviation are respectively 0.173 
per day and 0.066 per day with a coeff ic ient  of var ia t ion of 38.0 per- 
cent. The histogram f o r  the  observed frequency dis t r ibut ion$ is ahown 
i n  Figure 10 along with a theoret ical  n o m l  cume having a m a n  and 
standard deviation of 0.173 per day and 0.066 per day. Figure 11 ahovr 
these r e su l t s  plotted an a normal probabil i ty paper. I t  is oeen that 
a l l  t he  observed points l i e  very clooe t o  a s t r a igh t  l i ne  except a t  the  
t a i l  ends of the  curve f i t t i n g  where t h e  deviations of the points from 
t h e  s t r a igh t  l i ne  are negligibly small. Since the  obserred frequency f o r  
K1 values f i t s  very well with t he  theore t ica l  normal dis t r ibut ion,  it is 
hypothesized t ha t  Kl values f o r  Ohio River samples a t  Cincinnati Pool, 
vary randomly aocording t o  Gaussian probabil i ty with a man of 0.173 per 
day and a standard deviation of 0.066 per day. This hypothesis is sub- 
jected t o  fur ther  s t a t i s t i c a l  tests as outl ined i n  t he  following sections. 
TABLE 8 
FREQUENCY DISTRIBUTION OF OBSERVED K1 VALUES 
OF THE OHIO RIVER SAMPLES 
C l a s s  In te rva l  Number Percent C m l a -  
of Ob- Relati- Relative tive 
servations Frequency Frequency Frequency 


Chi-Square T a t .  This is simple t e s t  generally used fo r  
tes t ing  whether the data constitute .a:~rample from a population with 
prabability density function (podof.) f(x) a t  the significance level a 
(Ostle, 1964). The range of obsemd values is divided in to  a number 
of categories; and the expected number of samples e l ,  that  w i l l  f a l l  
i n  each category i, as predicted by the p.d,f, f(x), is calculated, 
The observed frequencies ni i n  each of the categories are compared 
with the enpoetred frequencies by computing the chi-square s t a t i s t i o  
defined by 
Let f be the  n u d e r  of degrees of freed-, given by f - 
r - 1 - g i n  which r is the t o t a l  number of categories, and g is the 
number of populatian parameters estimated from the sample and used i n  
theoretical distribution. If the calculated values of x2 exceeda the 
value of x ~ ~ , ~ ,  the hypothesis that  the sample belongs t o  tha distribution 
f ( x )  is rejected a t  significance 1-1 a, 
The reuult of chi-square t e s t  is rhown i n  Table 90 Merging 
the f i r s t  and the  last of the categories indicated in  tha table with 
t h e i r  respective neighboring categories, the resulting number of cate- 
gorkas is 5 and the number of degrees of f read- is 3. Since X2 - 1.878 
being less than the c r i t i c a l  value ~ 2 ~ , ~  - 9.35, the hypothesis cannot 
be rejected. 
TABLE 9 
CHI-SQUARE TEST FOR THE GOODNESS OF FIT 
CONCERNING THE HYPOTHESIS FOR OBSERVED K1 VALUES 
Class Interval Observed ~xpected-- 
Frequency Frequency ni - ei (ni - eilL/ei 
(nr 1 (e, 
Kolmo~orw-Smirnov Test. An alternative to the chi-square 
goodness of fit test is provided by the Kolmogorov-Smirnov test (Massey, 
1951; Ostle, 1964). If a population is thought to have some specified 
cumulative distribution function (c.d,f.) ~(x), that is, for m y  
specified value ef x, the value of F(x) is the proportion of individuals 
in the population having measurements less then or equal to x. The 
cumulative step-function of a random sample of n observations is ex- 
pected to be fairly close to this specified distribution function. If 
it is not close enough, it is evident that the hypothetical distribution 
is not the correct one, 
If S,(x) is the observed cmnulative step-function of a sample, 
i .e., Sn(x) r k/n, where k is the number of observations less then or 
equal to x, then the sampling distribution of d being the maximum of 
I F(x) - Sn(x) I is taken as the statistic for testing the goodness of 
fit* The d statistic should be less than the critical value which de- 
pends on the number of observatians on which the hypothesis concerning 
t h e  population d i s t r i b u t i o n  is based. Massey (1951) has presented 
proof f o r  t h e  f a c t  t h a t  t h e  Kolmogorov-Smirnov test is more powerful 
than t h e  chi-square t e s t  and t h a t  t h i s  test w i l l  de tec t  smaller  devia- 
t i o n s  i n  cumulative d i s t r i b u t i o n s  than t h e  chi-square t e s t .  
Results of t h e  d test f o r  t h e  K 1  values observed on the  Ohio 
River samples a re  shown i n  Table 10. From t h e  t a b l e  i t  is seen t h a t  
t h e  maximum value f o r  t h e  d i f ference  between t h e  theore t i ca l  and observed 
cumulative d i s t r i b u t i o n s  is 0.035. The c r i t i c a l  value f o r  t h e  d s t a -  
t i s t i c  a t  5 percent s ign i f i cance  l eve l  f o r  a t o t a l  of 83 observations 
is 0.149. Since the  observed value f o r  t h e  d s t a t i s t i c  is less than 
t h e  c r i t i c a l  value, the  hypothesis cannot be rejected.  The Kolmogorov- 
Smirnov t e s t ,  applied t o  individual  observations ins tead of the  grouped 
data  a s  presented i n  Table 10, is a l s o  s a t i s f i e d .  
TABLE 10 
KOLMOGOROV-SMI RNOV TEST FOR THE GOODNESS 
OF FIT CONCERNING THE HYPOTHESIS 
FOR OBSERVED K1 VALUES 
Value of t h e  k Normalieed 
Variable (x) Sn(x) - - n Variable F(x) IF(x) - S,(x)l 
Since t h e  e f f e c t  of temperature on t h e  deoxygenation coef f i c ien t  
K1 has been extensively s tudied and found t o  be adequately expressed by 
t h e  determinis t ic  equation, Eq. 8, it is assumed t h a t  the  va r ia t ions  i n  
K1 values a t  any temperature other than 20°c w i l l  a l s o  be normally 
distributed. Also no attempt was made in this study to verify the 
goodness of fit with other theoretical distributions like lognormal 
distribution, gamma distribution, t and F distributions, etc, However, 
the procedure involved in the verification of the goodness of fit with 
any other theoretical distribution will be the same as that for the 
normal distribution discussed in this work. 
VARIATIONS IN REAERATION COEFFICIENT 
Background 
The rate of reaeration, under constant conditions of tempera- 
ture and turbulence, is directly proportional to the oxygen deficit in 
the water. For many years attempts have been made to derive a method 
which would permit the prediction of reaeration coefficient, relating 
some of the easily obtainable hydraulic characteristics of a stream. 
OIConnor and Dobbins (1956) presented a theoretical derivation 
of the reaeratian coefficient in which they attempted to define the rat6 
of reaeration in terms of the rate of renewal of the surface film, and 
assumed that the best estimate was given by the ratio of the vertical 
velocity fluctuation and mixing length, In streams in which there is 
pronounced velocity gradient, the following equation for nonisotropic 
turbulence was developed: 
and for isotropic turbulence, in relatively deep channels where there 
is no pronounced velocity gradient: 
where Dm is the  coeff ic ient  of moleaular diffusion, S is t h e  channel 
slope and H is th  mean depth. Isotropic turbulence was assumed at -  
b i t r a r i l y  f o r  Chay coeff ic ients  greater  than 17 and nonisotropic 
turbulence fo r  those less  than 17. O'Connor and Dobbins (1956) a t -  
tempted t o  ver i fy  t h e i r  equations by comparing predicted values of t he  
reaeration coeff ic ients  fo r  the  Ohio River using the  Streeter-Phelps 
oxygen sag equation (1925). They obtained good agreement i n  ap i t e  of 
t h e  f ac t  that errors  i n  t he  estimation of the  parameters such as the  
time of water t rave l  through each reach, the DO concentration, ultimate 
BOD, deoxygenation coefficient ,  etc., f o r  use i n  the  Streeter-Phelps 
equation, a r e  reflected i n  the computed value of K2. 
Churchill e t  a l .  (1962). using multiple regression techniques, 
determined the  coeff ic ients  of d i f fe ren t  equations, formulated by dimen- 
s ional  analysis, r e l a t i ng  observed reaeration ra tes  and various hydraulic 
parameterrs of r iver  reaches. Corrections f o r  the  e f fec t s  of photosyn- 
t he s i s  -made i n  computing reaearatian coeff ic ients  from observed 
measurements of changes i n  oxygen concentration i n  selected stream 
reaches. They concluded tha t  it is possible t o  predict  reaeration r a t e  
f o r a  r i v e r  reach from the a v e r a e  velocity, depth, and temperature of 
t h e  water using the equation: 
where V is the  mean veloci ty  of flow and H is the  mean depth. They 
a l so  suggest t h a t  su i t ab l e  correction should be mads f o r  t he  e f fec t8  
of pollution i n  predicting stream K2 values. Inclusion of other  stream 
charac te r i s t i cs  such as slope, f r i c t i a n  coeff ic ient ,  and Reynolds 
number did not markedly increase the  accuracy of t h e  predicted value. 
A d i rec t  corre la t icn between experimentally determined re- 
aerat ion coef f i c i  ants i n  an a r t  i f  ici al channel and the  correspondi ng 
values foa: longitudinal mixing coeff ic ient  waas demonstrated by Krenkel 
and Orlob (1963). Thqproposed the empirically derived equation: 
where DL is the  longitudinal mixing coeff ic ient  and H is the  depth of 
flow. 
Dobbins (1964) proposed a mathematical model f o r  t he  re-  
aerat ion process based on the  concept of "an i n t e r f ac i a l  l iquid film" 
which maintains its existence i n  the  s t a t i s t i c a l  sense, tha t  is the  
fi lm is always present but the  l iquid content of t he  f i lm is being 
cant inuous l y  replaced i n  a random manner by the 1 iqui d f rou the main 
body. This concept led t o  t h e  formulaticm of the equation 
r L t  
KL = ( ~ ~ 1 %  coth 
i n  which KL is the  l iquid f i lm coefficient ,  r is the average frequency 
with which t he  stagnant f i lm is replaced and Lt is the  thickness of 
film. He fur ther  developed several  equations using postulated constants 
t o  a r r i ve  a t  the  relat ionship between KL, r, L, and K2 applicable t o  
natural  streams. H i s  attempts t o  es tabl ish numerical values for the 
hypothesieed cohgtants and proportionality factors  were somewhat less 
than swccessful. Thackston and Krsnkel (1965) have raised objectkon 
t o  the correctness of the theory proposed by Dobbins (1964), questioning 
the va l id i ty  of the propounded relationships between t h e  constants used 
i n  the  theory, sane of which a re  based solely on judgment. 
Several other attempts t o  f onmulate empirica 1 relationships 
f o r  the  prediction of K2 values i n  rivers have been reported i n  the  
l i t e ra ture .  Owens &a. (1964) proposed an equation based on the  data 
&taImd i n  several  reaches of lwland  and Lake Dicstrict streams i n  
England, using multiple regress im analysis asr 
Also Langbein and D u r n  (1967) gave the f o l l w i n g  relationshipr 
I n  a l l  these prediction equations developed e i the r  on theoret- 
i c a l  basis o r  using regression analysis, considerable scat ter ing of the 
observed values f o r  K2 are noticed about the predictian l ine.  Aa has 
been mentioned ear l ie r ,  i n  care of t he  reaches of the Holston River i n  
the,Tennessee Valley, the  observed K2 value ranged from 0.10 t o  1.18 per 
day a t  20°C f o r  constant discharge i n  the  r ive r  whereas t h e  predicted 
value f o r  t he  reach was 0.59 par day. Also i n  another reach of Watauga 
FUwr uhich is a shallow and rapid stream compared t o  Holston River, 
obsemed values for K2 varied from 2.26 t o  8.86 per day whereas the pre- 
dicted value using regression Eq. 23 deve&oped for these r ivers  wam 3.22 
per day. Most of the  mathermatical models developed s o  f a r  f o r  predicting 
K2 values i n  r ivers  use a t  best the  average values f o r  river veloci ty  
and depth. Since theae change f mm sect ion t o  sect ion and a l s o  within 
t he  sec t ion  i t s e l f  i n  natural  streams, t he  estimated average values do 
not y ie ld  sa t i s fac tory  resul ts .  Also e r rors  i n  sampling and analyses, 
and i n  the  estimation of mean t r ave l  time combined with the uncer ta int ies  
of wind effects ,  a l l  complicate the prospects of pntdicting K2 rearonably 
accurately. 
Eckeafelder and OtConnor (1961) indicated tha t  the var ia t ions  
i n  K2 depend upon the hydraulic properties of t he  par t i cu la r  channel, 
roughness, width and curvature, and t h a t  the  variat ions a re  usually 
defined by a normal dis t r ibut ion.  They fur ther  suggested tha t  any value 
of the  reaeration coeff ic ient  within limited s t a t i s t i c a l  ranges could be 
used i n  oxygen balance calculations. OtConnor (1958) presmted data, 
taken from actual  stream surveys, showing variat ions of depths from 
s t a t i on  t o  stat iam i n  t he  Wabash, Clarion and Codorus Rivers. These 
were found t o  be normally dis t r ibuted and he discussed the importance 
of considering these variat ions i n  determining the  required number of 
cross sect ional  areas t o  insure f o r  a given probabil i ty tha t  t h e  mearured 
mean depth f o r  use i n  prediction equations f o r  K2 w i  11 f a l l  within a 
given percent of the  t rue  mean. 
Not only the  variat ions i n  depth a f fec t  the  evaluation of K2 
values, but a l so  several  other factors  discussed e a r l i e r  ccme i n t o  play. ' 
I t  becomes necessary t o  ascer ta in  t he  combined e f fec t s  of a l l  these 
factors,  s ince  it is not possible t o  assess t h e  e f fec t s  individually i n  
most cases. The data collected by the  Tennessee Valley Authority (1962) 
on natural  s t r e a m  with constant discharges f o r  each s e t  of observations, 
being the most extensive, w i l l  be used i n  t h i s  study t o  determine the 
extent of variations and the  parameters characterizing these variations. 
Modified R e m s s i o n  Equation 
The data, obtained i n  Tennessee Valley r ivers  (1962), con- 
prised of 509 individual observations under 30 different  s e t s  of 
experimental conditions. In deriving the regression equations, 
Churchill e t  a l e  (1962) used geometric means of observations f o r  
K2 i n  each s e t  of experiments. I n  t he  knowledge of t h i s  author, most 
of the  s t a t i s t i c a l  theories concern themselves with the  arithmetic 
means and not with geometric means. In the  application of s t a t i s t i c a l  
and probability theories t o  rea l  phenomena two r e su l t s  play a con- 
spicuous role  (Ostle, 1964; Patcen, 1966). These resu l t s  a re  known 
as t he  Law of Large Numbers and Central Limit Theorem, and deal with 
the arithmetic means of observatiazs. Hence a regressitm analysis of 
t he  data obtained in  Tennessee Valley r ivers  using arithmetic means 
of group observations was carried out i n  t h i s  study. An abstract  of 
published data, arithmetic means of observations, and the residual 
errors  i n  the  regression analysis a re  shown i n  Appendix E. 
A general l inear  regression equation may be represented by 
where % is the  dependant variable estimated from t h e  independent 
variables Z1, 22,. ..,Z From the  h i s tor ica l  data, Zi ,  with i - l,...,p P 
are  known and ZO',  the  actual  value of dependent variable ZO is a l so  
known. For the least squares linear regression, the coefficients Ag, 
A1, ..., Ap are so evaluated that the sum of the squared errors 
is minimized. Details of solution are available from standard text 
books on statistics (Eeekiel and Fox, 1959; Ostle, 1964). Z09 - 20 
is referred to as the residual error, or as the random component, 
and so the least square regression minimices the variance of the 
random component. 
The coefficients Ai, with i - l,...,p are known as the net 
multiple regression coefficients of ZO on Zi. The coefficient of 
multiple correlation Ro,l,p,mm,,p is a measure of the proportion of 
the variance of ZO that ia explained by the multiple linear regression 
equation. It is given by 
In the IBM 7094 system available at the University of Illinois, there 
is a standard program of the Statistical Services Research Unit for 
calculating various statistical estimates of multiple linear regression 
including the regression coeff i ciento, the coefficient of multiple 
correlation, etc. It was used in this study for multiple regression 
analysis of the data faa: river reaeration coefficients. 
The regression analys is  yielded an equation 
with a c o r r e l a t i o n  coef f i c ien t  of 0,917 which is b e t t e r  than t h e  
reported cor re la t ion  coef f i c ien t  of 0.822 (Churchill  aJ,, 1962) 
using geometric means f o r  t h e  group data. The form of t h e  regression 
equation was l inear ized by t ak ing  logarithm of both t h e  s ides  of t h e  
equation before applying the  general  l i n e a r  equation, Eq. 28. Results 
of t h e  regress ion analys is  are shown i n  Figure 12. There is consider- 
able  devia t ion of the  observed values f o r  K2 from t h e  predicted values. 
An analysis  of t h e  d i s t r i b u t i o n s  of percent e r r o r  indicated 
t h a t  they a r e  normally d i s t r i b u t e d  wi th  mean ze ro  and a s tandard  
deviat ion of 36.8 percent as v e r i f i e d  by Kolmogorov-Smirnov test f o r  
goodness of f i t .  Percent e r r o r  was obtained by dividing t h e  res idual  
e r r o r  by t h e  predicted value and mult iplying the  r e s u l t i n g  f r a c t i o n  by 
100. Figure 13 shows the  cumulative probabi l i ty  d i s t r i b u t i o n s  of per- 
cent  r e s idua l  e r ro r s  i n  predic t ing K2 values, p lo t t ed  on a normal 
p robab i l i ty  paper. The nature  of t h e  d i s t r i b u t i o n  of e r r o r s  i n  t h e  
predic t ion of K2 values is not a f fec ted  by temperature changes, s i n c e  
t h e  bas ic  assumption i n  any regress ion analys is  is t h a t  t h e  e r r o r s  i n  
predic t ion are normally d i s t r ibu ted .  
Since t h e  e r r o r  d i s t r i b u t i a n s  a r e  considered random, it is 
hypothesieed t h a t  K2 values f o r  Tennessee Valley r i v e r s  could be pre- 
d ic ted  by superimposing a random component governed by a normal proba- 
b i l i t y  d i s t r i b u t i a n  with a mean z e r o  and a s tandard  devia t ion of 36.8 
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FIGURE 13. PROBABILITY DISTRIBUTION OF PERCENT RESIDUAL 
ERRORS IN PREDICTING K2 VALUES 
percent, onto a trend component predicted by the regressiorn equation, 
Eq. 31. Since the standard deviation sf the percent error involved 
in  the predictiors: of K2 values i s  conrliderable, there seems t o  be 
l i t t l e  justification in  ignoring this  random error component altogether 
in evaluating stream reaeration coefficients. 
V. MONTE CARLO METHOD AND SPMUUTIQN MODEL FOR 
STREAM ASS IM I U T P  YE CAPACITIES 
MON1CE CARL0 METHOD 
General 
Mmte Carlo methods comprise that branch of experimentel 
mathematics which is concerned with experiments m rmdm numbers 
(Hamsrsley and Mmd9cmb9 1964: H ersley and Morton, 1954: Kah, 
1956; Meyer, 1954). Problems handled by Mmte Carla methods are 
generally classified into two types: probabilistic or deterministic 
according t o  whether or not they are directly concerned with the 
behavior and outcome of random processes, In  the case of probabilistic 
problems the simplest Monte Carlo approach is to observe random n ~ e r s ,  
chosen in  such a way that they simulate physical random processes of 
the original problem, and t o  infer the desired sslation from the be- 
havior of these random rimers.  Monte Carlo methods have found ex- 
tensive use in  the fields sf nuclear physics and they ham been employed 
i n  other f ields of science like chemistry, engineering, biology, medi- 
cine, etc. The significance a d  the cgncepts involved in  Monte Carlo 
m e t h a  are brought out by considering tuo examples. 
The central problem in  designing a nuclear reactor is t o  
determine the c r i t i ca l  s iee of the core, Except when the gemstry is 
simple or the neutrons have small energy ranges, analytical techniques 
are diff icnl t  and recourse is often made ts Monte Carla techniques. A 
free neutron, put into the core, perfones a random walk there, colliding 
with f i s s i l e  nuclei unt i l  it either escapes from the core or is absorbed 
by a nucleus. If the former occurs, the neutron continues its randm 
walk in  the reflector; i f  the l e t t e r  wctxrs, B, fission may result  
eject ing several  f r ee  neutrons, cal led descendants, each sf  which 
begins its own random walk. The size of the core is c r i t i c a l  when 
the  average number of neutrons i n  it s tays  censtiant. Thme proba- 
b i l i t y  dis t r ibut i -  determine such a random walk (Haumoersley and 
Mortcn, 1954): 
1. The distance a neutron t ravels  between successive 
col l is ions  is dis t r ibuted expenentially with a mean called the  t o t a l  
rean f r e e  path (varying from = d i m  t o  medium). A t  a boundary a 
neutron continues, i n the  same direct ion with the same energy, a 
distance with a m e a n  equal t o  the t o t a l  man f r e e  path i n  the  new 
medim. 
2. There a re  assigned probabi l i t ies  of the  posdible types 
of coll ision,  namely capture, scat ter ing,  or  f i s s i m  and t h e i r  r e su l t s  
including energy changes. 
3. The direct ion a neutron takes a f t e r  a co l l i s ion  is 
of ten isotropical ly  distr ibuted,  but f o r  collioioles with l i gh t  nuclei 
is peaked i n  the  direction of the incident neutron's path. 
These three dis t r ibut ions  depend on the  energy of the  neutron concerned. 
Knowing them, me can conduct a neutron f r o m  col l i s ian  t o  co l l i s ion  by 
sampling, recording the  p a i t i o n ,  energy, and d i rec t ica  sf  its motion 
and its descendants jurs t  before each col l is ion,  A t a l l y  f o r  ths number 
of neutrons i n  t he  core is kept due t o  several  parent neutrons i n  the  
core as a functian of a so-called "census parameter," naggly a qumt i ty  
measuring the  current duration of the  process (e.g., the  number of 
col l is ions  t o  date, o r  the t o t a l  distance traveled, atc.). This having 
been done fo r  various core s izes ,  one can estimate the c r i t i c a l  s i ze  
by interpolating for  a constant t a l l y  between the increasing and de- 
creasing t a l l i e s ,  The perfommce of a nuclear reactor is simulated 
here by choosing random numbers which represent the randm motions of 
the neutron in it, In  th i s  way, m e  can experiment with a reactor 
without incurring the cost, in money, time, and safety, of its actual 
physical construction, 
As an example for the application of the  Monte Carlo tech- 
niques i n  the f i e l d  of biology, i f  one wishes to  study the growth of 
an insect population on the basis of certain assumed v i t a l  s t a t i s t i c s  
of survival and reproduction, a model could be se t  up with paper entr ies  
fo r  the l i f e  his tor ies  of individual insects,  To each such individual, 
random numbers are al lot ted fo r  its age a t  the births of its offspring 
and its death; and then t r ea t  these md succeeding offsprings likewise, 
Handling the random numbers t o  match the v i t a l  s t a t i s t i c s ,  one gets 
wfiat amounts t o  a random sample from the populatidn which can be anal- 
yzed just as tea l  experimental data collected in the f ie ld.  
Thus i t  is seen tha t  the Monte Carlo method involves essen- 
t i a l l y  manipulations of random numbers in  the simulated model f o r  
physical processes md is based on the assumption that i n  a game of 
chance, the expected outcome can be estimated in principle by averaging 
the resul ts  of a large number of plays of the game. Also methods em- 
ploying Monte Centlo techniques have afforded workable solutions in  a 
widely divergent area of endeavors, 
There are essentially three steps involved in  solving a 
problem using Monte Car lo techniques . They are : 
1. Choosing o r  analogie ing the probabi li ty process. 
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Random Nmber Generert~rs. SemrOBjl mechanical or e lec t ron ic  
systems have been developed f o r  generating a sequence of random numbers 
or variables (Tocher, 1963). The electronic  machines a re  based on the  
pr inciple  of converting a source of randm noise i n t o  a t r a i n  s f  pulses 
Which are used t o  drive a cyclfc  counter, The d r i m  19 interrupted 
a t  f ixed in te rva l s  of time, and the  successive s t a t u s  of the  counter 
gives t he  successive randm numbers, Machines tha t  use analog systems 
i n  which the  randm input is se l f  generated are  k n m  as analog ran- 
dmisers .  A detai led discussion of the random number generators is 
given by Tocher (1963). 
Development of Pseudo-Random Numbers, Though randore number 
tab les  a re  available as punched cards, with increasing use of df g i t a l  
computers, mathmat i c a l  methods f o r  generating '"pseudo-random" numbers 
within the  computing machines have been developed i n  order t o  eliminate 
the need f o r  extensive input of random numbers ( K h ,  1956g Meyer, 1954; 
Tocher, 1954). Also when it is desired t o  repeat the calculations f o r  
checking purpmes, t h e  randm numbers w e d  in  the  i n i t i a l  ca%culotisns 
must be available f o r  the  l a t e r  calculations, and hence pseudo-random 
numbers a re  useful f o r  generating a reproducible random number sequence, 
Though the  reproducibil i ty implies the  poss ib i l i ty  of prediction of the 
sequemce, d hence its natorandsmness, the  advantagers of reproducibil i ty 
make it  desi rable  t o  imvestigate the  poss ib i l i ty  of generating approxi- 
mately random sequences by determinist ic processes. Pseudo-random 
numbers may be defined a s  reproducible sequence of numbers developed 
by using a determinist ic process tha t  behaves l i k e  a random sequence 
when subjected t o  cer tain standard s t a t i s t i c a l  tes t s .  Methods f o r  
generating pseudo-random numbers include the m i  d-square method, the 
mid-product method, the congrateme mthcds and other miscellaneous 
methods. Onllg the multiplicative congruence method which is used in 
t h i s  study is discussed belaw briefly.  
Multipllicative Comgpuence Method.--One of the character is t ics  
of a pseudo-random sequence is tha t  the sequence is cyclic (Meyer, 
1954s Tocher, 1954). Thus attempts have been made t o  generate cycles 
of m a x i m u m  length so  tha t  a long nonrepetitive sequence is produced. 
Lehmer suggested the use of the theory of numbers f o r  developing such 
long cyclic sequences. The theory sf congruences deals with such 
sequences. In  th is  theory, a number xl, is sa id  t o  be congruent with 
3 modulo M i f  x2 - XI is divis ible  by M. 
Consider a first order recursion equation of the form 
xn + 1 I kx,  (mod M) 
where k and M a re  i n i t i a l l y  a rb i t r a r i ly  chosen. A model given by 
Eq. 32 is known as  a cangruential multiplicative model, Then for  
t h i s  model, 
xn = knxo (mod M) 
Since, a t  the end of a cycle of length n, 
xn Xo k% (mod MI 
the value of kn should sa t i s fy  the equation 
( K a h n ,  1956; Tocher, 1954) from a given sequence of uniformly distributed 
random numbers by using the inverse probability integral transformation. 
This is based on the basic fact that for any distributim, the cumulative 
probability distribution function has a rectangular distribution, uni- 
d o m  over (0,l). Let x be the random variable with a cumulative dis- 
tribution function, denoted by c.d.f., and designated by F(x). The 
random variable Y = F(x) is given by 
where f(x) is the probability density function demoted by p.d.f. 
Consider the probability distribution of Ye Let the p.d.f. 
and cedef , of Y be g(y) and G(y) respectively, Then, 
G(Y) Pr {Y s Y) PP {X 5 X) r ~ ( ~ 1  Y 
for O s Y s  1 
and 
for O S Y  5 1 
This is the probability density function for the uniform (0,l) distribu- 
tion, By taking a uniform (0,l) sample of P I ,  and taking the inverse 
x = ~'l(y) of the probability integral transformation Y - P(x), a sample 
of X is developed, By repeating this for as many smplas as required, a 
sequence of random numbers having any given distribution can be developed 
from a sequence of uniform (O,l) random numbers, 
The process of inverse tr'aslsSlomaticsn can be dona by several 
methods (Tocher, 1954). A relatively simple method for the inverse 
probability integral transformation is the use of interpolation from a 
table having corresponding values of x m d  y, and the use of a suitable 
degree of polynomial for interpolation. This method, though umophisr- 
ticated, is fairly simple and was used in this study to transform the 
c.d.f. to the randola number. 
Variance Reducing Techniques 
The methods which are m a t  often w e d  to reduce variance in 
Monte Carlo problems ere straightforward sampling, systematic ampling, 
stratified sampling, use of expected values, correlation, and Russian 
roulette and splitting ( K a h a ,  1956; Meyer, 1954). The methods which 
can be used to reduse variadlce are often dependent upon the probability 
model and in some cases on the techniques used to generate values of 
the random variables. Kslhn (1956) hore given m excellent discussion 
of the general nature of the techniques with their appllcationo to 
evaluation of integrals. The first of there which has found extensive 
use in engineering problbe~us, and which is used in this study is dfs- 
cussed below. 
Strainhtforward S-~ltnq. This teelm$que is based an the 
premise that one way or reducing uncertainty in an amswer is to base 
it upon more obser~ationg (Hamemley and Handscomb, 1964; Kah, 1956; 
Toeher, 1954). Broadly spearking there is a square law relationship 
between the error in an answer eund the requisite number of samples. 
If a sequence of n random variables XI, ~2,~..,5 are picked from the 
podof. f(x) and if a random variable b, defined by the equation 
and 2.  I t  can be deduoed f ram the Central L i m i t  Theorem tha t  
and tha t  the  variance of the  estimator 2, of is given by the 
n' 
equat i on 
Thus, it is seen tha t  there is a square law relationship between the 
e r ror  i n  an answer arrd t he  requis i te  number of observations. To 
reduce the  e r ro r  tenfold c a l l s  f o r  a hundred fold increase i n  the  
observations, and s o  an. 
Estimation of Sample Sica. In any simulation, i t  i a  necessary 
t o  know aliproximately the  sample s i c e  required before sampling is 
s t a r t ed  i n  order tha t  the  s i z e  is nei ther  too large t o  111ake it very 
expensive compared t o  the  information gained, nor too small t o  be 
re l iable .  When the required precision and cmfidence levels f o r  the 
r e l i a b i l i t y  of prediction a re  given, t he  sample s i z e  can be determined 
by the following approach (Flagle, e t  el., 1960; Massey, 1951). 
Let f3 and & percent be the error and signif icmce levels for 
the reliability of predicted values in a simulation model. Within the 
same confidence interval, the precision could be increased only by in- 
creasing the sample size. Since the standard deviation and oonsequently 
the tolerance dimihashes as the squarer root of the sample size, to in- 
crease the precision by a factor of two, the sample siae would have to 
be quadrupled. If %(,I is the critical value of the *d' statistic In 
the Kolmogorov-Smimov test for goodness of fit at a signficiance 
level of a, which is defined as the maximum absolute difference between 
sample and population cumulative distributions, than the required 
sample size is given by the equation 
where ca is the emstant defining the critical value of the d statistic 
in the Kolmogorov-Smimov test for samples of size seater than 35, 
Knowing the values of a and B,  it is then possible to pick out the 
value of ca from statistical tables (Massey, 1951; 'Qstle, 1964) and 
hence the value of n, being the requisite number of samples to meet 
the stipulated criteria could be computed. 
SIMULATION IN WATER RESOURCES SYSTEMS 
Simulation means to duplicate the essence of the system or 
activity without actually attaining reality itself. Simulation h a  
been used traditionally in engineering. The use of conceptual system 
models, scale models, analogs, and laboratory experimentation are but 
some of the general simulation techniques used in engineering. However, 
th is  study deals with the s i m l a t i a ~  of processes involved in the 
prediction of a stream's waste assimilative capacities using a 
digi tal  computer. The approximation, complexity, accuracy and cost of 
simulation are somewhere between those of mathematical analysis and 
prototype testing. Simulation is especially adaptable t o  the study 
of complex system and in a way, it may be considered as a numerical 
method for the solution of complicated probabilistic or stochastic 
processes. I t  is used to  cireument the diff icult ies of duplication 
of environment, of mathematical formulation, of lack of analytic 
solution techniques, or of experimental impossibilities . 
Analog and digital  computers are frequently used for  pre- 
dieting the responses of certain water quality parameters in surface 
water bodies like rivers, lakes, estuaries, etc. With the advent of 
modern electronic computers, more and more effort. are being directed 
toward water resources planning on a regional basis, with optimization 
of water and waste water treatment processes taken as a whole instead 
of treating these two as separate enti t ies  as has been done in the past. 
Since water resources systems are asually complex with multiple al ter-  
natives for design, allocation, and operation, simulation seems to  be 
a very useful tool in  water resources system design. 
When the mathematical model for  a process has been decided 
upon, various elements of the process can be represented in  the computer 
so that the outputs of one part of the system constitute the inputs 
into one or more other elements. A cmplex system may thus be represented 
by a series of relatively simple elements, In such a system, it i s  
possible t o  vary the  parameters of t he  system t o  investigate soale 
spec i f i c  aspects of t h e  system, and when necessary, t o  adopt systematic 
o r  t r i a l  and e r ro r  procedures f o r  the  optimization of the  system. 
Because of these f a c i l i t i e s ,  d i g i t a l  and malog computers have been 
used extensively f o r  t he  simulation of dynamic physical systems. 
This study deals with t he  simulation of a r i ve r  system using 
a d i g i t a l  computer with spec i f ic  reference t o  the  simulation of the  
phenomenon of a streamQs assimilative capacity f o r  the  organic waste 
discharged i n t o  it without creat ing nuisance c o n d i t i m  i n  t he  stream. 
This d i f f e r s  from analog models i n  t ha t  the  generated data a r e  used f o r  
t he  simulation of the  process f a c i l i t a t i n g  the  study of the  probabil- 
istic aspects of the  process as a whole* Generated data, as used here, 
w i l l  r e f e r  t o  generating random values f o r  variables i n  the  process 
under conrideration on the  basis  of s t a t i s t i c a l  models f o r  t he  var i -  
ables, which could not be distinguished from the  r ea l  or h i s to r i ca l  
data by mans of the usual s t a t i s t i c a l  t e s t s  of significance. The gen- 
erated data did  not occur i n  the  past ,  nor w i l l  they occur i n  the  
fu ture j  but based on cer ta in  s t a t i s t i c a l  considerations, it could have 
been the  r ea l  tecotde Regarding va l id i t y  of simulation Flagle et a l .  
(1960) s t a t e :  
..*It must be remembered t h a t  simulation yields only 
an empirical f o m  of knowledge, fraught with the  
danger tha t  t he  s tochast ic  model is not t r u l y  repre- 
sentat ive* I n  t h i s  sense it is admittedly i n f e r io r  
t o  mathematical techniques which yie ld  functional 
re la t ionship between the  variables * U l  timately we hope 
tha t  the  more slowly developing mathematical capa- 
b i l i t i e s  w i l l  make simulation as we practice it, un- 
necessary. Until t ha t  time comes, however, simulation 
techniques stand as powerful aides t o  the  operations 
analyst who m u s t  produce useful resu l t s .  
MODEL FOR STREAM ASSIMILATIVE CAPACITY 
Factors Affectina DO and BOD 
Since Streeter and Phelps (1925) propounded their theory 
defining two mechanisms which affect the DO and BOD relationship 
namely, the BOD removal due to bacterial oxidation and oxygen addition 
due to atmospheric reaeration, several other factors affecting DO-BOD 
relationship have been postulated (Camp, 1963; Dobbins, 1964; Gannon, 
19635 Thomas, 1948). Some of the major factors which affect the as- 
simi lative capacity of a stream in general can be sunrmarieed as follows: 
1. Removal of BOD by bacterial oxidation of both carbon- 
aceous and nitrogen- matter. 
2. Removal of BOD by sedimentation or adsorptiun. 
3. Addition of BOD along a stretch by the scour of bottom 
deposits or by the diffusion of partly decomposed organic matter from the 
benthal layer into the overlying water. 
4. Addition of BOD along the stretch by local run off. 
5 .  Biological removal and accumulation of BOD by fixed 
plants and algae, 
6. Addition of oxygen from the atmosphere. 
7. Addition of oxygen by the photosynthetic action of 
planktan and fixed plants. 
8. Removal of oxygen by the respiration of plankton and 
fixed plants. 
Thomas (1948) introduced a rate constant Kg, with units of per day, as 
a means of accounting for the removal or addition of BOD by deposition 
or resuspension. The net rate was assumed to be proportional to K3L, a 
negative value of Kg indicating deposition and a positive value 
indicating resuspension. 
In considering the stabilieation of organic matter in 
natural streams, distinction should be wade between those factors 
which affect its removal without necessarily utilicing oxygen and 
those which simultaneously utilize oxygen while removing the organic 
matter. In the f irst category are such phenomena as sedimentation, 
scour, and biological accumulation and the second category includes 
various forms of chemical and biological oxidation. Generally when a 
waste is discharged to a stream, it is extremely difficult to isolate 
the effects due to each of these factors individually. O'Connor (1967) 
introduced the parameter Kr, with units of per day, to define the total 
rate of removal of BOD in the river. It is determined frann a series 
of measurements of the BOD at a number of stations damstreare from the 
outfall. Since the rate of removal of organic matter is not necessarily 
equal to the rate at which oxygen is utiliced, the difference between 
the BOD removal rate and oxygen utilieation, if such a difference 
exists, may be attributed to sedimentation, scour, benthal demand, and 
biological accumulation. If none of these factors is present or sig- 
nificant, it is usually assumed that the rate at which the organic 
matter is removed is equal to the rate at which the dissolved oxygen 
is utilised (OfConnor, 1967), in which case K1 - Kr. 
The sources of oxygen in a river stretch are the mount of 
DO in the incoming flow, that due to natural or artificial reaeration 
and that due to the photosynthetic addition. The rate of reaeration 
is proportional to the dissolved oxygen deficit. The photosynthetic 
source depends upon many factors suah as sunlight, tauuperaturn, m a s s  
of algae and nutrients. If the effect of these factors is included in 
the term Pt,, representing the overall rate at which oxygen is released 
by photosynthesis and if the photosynthetic rate if assumed to vary .s 
the sunlight, reaching a peak at noon and a sero value at sunltiae and 
sunsst, then this source could be defined by a periodic function 
(O°Connor, 1967) as: 
P, sin ?.to when 0 5 t' <_ p 
P,, = F 
L - 0 when 1 - p <_ t' <_ 1 
*ere p is the period of oscillatian of the periodic function, P, 
is the amplitude of the periodic function and t' is the time of flow 
in days of a mass of water since sunrise after the mass of water has 
entered the head end of a river reach considered, If the period p is 
twelve hours or half a day, the periodic function shown in Eq. 47 
reduces to 
P, sin ant' when 0 5  t! 5 112 
Pt' = f 
0 when 1/2 5 t' 5 1 
This periodic function can be described by a Fourier series a8 
defined below: 
The coefficients of the Fourier series can be evaluated using 
Euler ' 8  formula (Kreyeig, 1962) giving 
= Pm sots (1 + n h  + 1 + -cos (1 I 
an 2 n (  1 + n  1 - n  h + 5 (50) 
When n is odd 
and when n is even 
Also 
and 
bn - 0 for n - 2, 3, . . .  
Hence 
Thus it is seen that the oxygen addition due to photosynthesis can be 
represented by the first three terms of Eq. 52 with good approximation. 
This approach of expressing quantitatively the diurnal variations in 
photosynthetic activity is decidedly superior to averaging w e t  the 
en t i r e  period including the nighttfme floor conditions as was done 
by Camp (1963) and Dobbins (1964). 
Bquations f o r  BOD and DO Prof i les 
The equations f o r  t he  BOD and DO prof i les  a l m g  a r i ve r  
s t r e t ch  are  based an the  following assumptions: 
1, The stream flow is steady and uniform. 
2. Removal of BOD by both bac te r ia l  oxidation, sedimantation 
o r  adsorption or  both ahd biological  accumulatiaz a re  f i r s t  order re-  
actions, t he  ra tes  of rewrval being proportional t o  t he  mount present, 
3. The removal of oxygen by benthal denwad, by plant 
respirat ion and the  addition of BOD fram the  benthal layer are uniform 
along the  s t re tch.  
4, Diurnal variations of oxygen addition due t o  photosyn- 
thes i s  can be represented by a s i n e  func t im,  
5. The r a t e  coeff ic ients  affecting the oxidation of organic 
matter and atmospheric reaeration can be taken as random variables and 
these could be defined by su i tab le  s t a t i s t i c a l  modglr, 
6. The BOD and DO a r e  uniformly dis t r ibuted over each cross 
sect ion so t ha t  the  equations can be writ ten i n  the  one-dimensional 
form. 
Under the  foregoing assumptions, the  d i f fe ren t ia l  equation 
fo r  t he  BOD prof i le  is given by 
where Kb is the coefficient for determining the rate of BOD removal 
due to biological accumulation. The dif femntial equatim for the 
oxygen profile is given by 
1 2 
~~1 - K*D - Pm (; + f sin 2 n t *  - ?;i cos 4nt') + R + Db 
where R is the rate of oxygen removal by algal respiration and Db ia the 
benthal demand both with the units of mg/(l)(day). When these two 
equations, E~s. 53 and 54, are solved simultaneously with known initial 
condf tions for the BOD and DO at the upper end of a river section, it 
is possible to predict the state of DO at any point within the reach. 
A~~lication to the Problem Under Study 
Generated data for the values of Kl, K2 and DO found necessary 
for the probabilistic analysis of the process under investigatim were 
developed by using Monte Carlo methods and simulation techniques. The 
statistical models as developed in this study for K1 and K2 were used 
in generating data applicable to the Cincinnati Pool of the Ohio River 
prior to the construction of Markland Dm. Parameters pertaining to 
other mechanisms namely photosynthesis, respiration, etc,, are evalu- 
ated from the published Ohio River Survey data (USPHS, 1960). These 
parameters were taken at their average values and the enpactad and 
medal values for DO as predicted by the probabilistic model for known 
initial conditions of BOD and DO deficit were compared with the actual 
DO concentrations observed in the survey. 
Using a subroutine available at the Digital Computer Labora- 
tory at the University of Illinois, two sets of uniformly distributed 
random number sequences were generated and transformed to correspond 
to normally distributed random variables with given characteristics. 
The first set of generated values was used to evaluate K1 and the 
second K2. In the case of K1, the generated normally distributed 
values with parameters matching the historical values themselves con- 
stitute the simulated values for K1. In the case of K2, the ganerated 
values constitute the random components of K2 and when these are added 
to the trend component as given by the regression equation, Eq. 31, 
the random variable K2 is obtained. The generated data were tested to 
see whether the sample could be distinguished from the theoretical 
model using the Kolmogorav-Smirnov test. The generated values for K1 
and K2 along with other parameters as determined in the Survey (USPHS, 
1960) were used in the simulation model to obtain probabilistic estimates 
of DO at the desired oections in the river reach considered. 
It is appropriate to quote what Flagle at al. (1960) had to 
say on probabilistic approaches for solving problems which do not 
strictly conform to deterministic rules: 
...as soon as human participation in the system operation 
occurs it is necessary to introduce arguments of proba- 
bility and calculate, not how the system will certainly 
and invariably per£orm, but only how it will perform a 
certain fraction of the time it is stated. Sometimes, 
as in the case of the atomic bomb already mentioned, 
statistical methods must be used even for a mechanical 
system when the laws of physics that apply (like those 
for radio-activity) are inherently statistical in nature. 
This study is limited to the development and subsequent 
testing of the generated K1 and K2 data and the analysis of some of 
the probabilistic characteristics of the DO response in stream as- 
similative capacity determinatians. Future studies may deal with 
the simulation of systems of waste treatment facilities, and the 
combination of water and waste water treatment facilities for 
determination of the optimal design. 
VI APPLICATION OF MO.NTE CARLO METHOD 
TO THE OHIO RIVER SURVEY DATA 
CHOICE OF PUBLISHED RIVER SURVEY DATA 
The primary objective of this study is to develop a method 
for estimating the stream's waste assimilative capacity taking into 
account the variability of the reaction coefficients affecting the 
DO-BOD relationship; the need for which has long been felt. In order 
to express quantitatively the variability in these coefficients 
using probability measure, extensive data are needed and published 
data for five river surveys (Gannon, 1963; The Resources Agency of 
California, 1962; TVA, 1962; USPHS, 1960; USPHS, 1963) were examined 
to study in detail the probabilistic variations in these coefficients 
and to verify the observed data of dissolved oxygen with the predicted 
values using Monte Carlo aethods. Though the Sacramento River survey 
(The Resources Agency of California, 1962) was extensive, encompassing 
information on physical, chemical, and biological aspects, photosyn- 
thesis, respiration, etc., the number of observations made for long- 
term BOD progression below a single major waste discharge was far less 
than that made in the Ohio River survey (USPHS, 19601, which was other- 
wise cmparable to Sacramento River survey in various other aspects 
observed. The long-term BOD experiment results published by Gannon 
(1963) for the Clinton and Tittabawessee Rivers were carried out at 
different conditions of incubation temperature, mixing, dilution and 
nitrification inhibition agents; whereas in the Ohio River survey tests 
for the BOD progression river samples were all carried out according 
to the procedures stipulated in SOandard Methods (APHA, 1955). Alao 
no attempts were made in this survey (Gannon, 1963) to evaluate the 
effect of photosynthesis due to aquatic vegetation, even though the 
author concluded that the abundance of aquatic vegetation was respon- 
sible for a manifold increase in the river BOD removal rate compared 
to the BOD removal rate observed in bottle experiments. The report 
on the Illinois River System (USPHS, 1963) did not include details of 
the BOD progression data and the number of experiments carried out in 
this study to evaluate K1 values was too few to make reliable statis- 
tical inference. Hence it was observed that the data published for 
the Ohio River-Cincinnati Pool survey (USPHS, 1960) which included 
long-term BOD results on river samples, dark and light bottle tests 
for determining photosynthesis and respiration of phytoplanktons, 
benthal deposits, hydraulic characteristics of the river, etc., are 
best suited for this study. 
In any river survey for determining the pollution assimilative 
capacity, it is necessary to determine the river reaeration coefficient, 
K2, independently. In order to estimate the random values of K2 for 
the Ohio River-Cincinnati Fool reach, it is assumed that the regression 
equation for the trend component and the probability distribution 
function hot the random component of K2 as developed for Tennessee 
Valley rivers are applicable to the Ohio River reach under consideration. 
VALUES OF THE PARAMETERS USED IN THE MODEL 
Deoxygenation Coefficient 
With the advent and increased use of secondary treatment 
facilities for waste disposal, the importance of considering oxygen 
demand due to nitrification has been recognized. O'Connor (1967), 
and Stratton and McCarty (1967) proposed mathematical models t o  account 
f o r  the nitrogenous oxygen demand i n  oxygen balance studies in rivers.  
A s  indicated i n  Chapter IV, in  the case of the Ohio River study, neither 
the  treatment plant eff luents  nor t he  r iver  samples obtained below the 
waste ou t f a l l s  showed any s ignif icant  n i t r i f i ca t ion  fo r  about 10 days. 
Though the  mathematical model proposed t o  be used f o r  the Ohio River 
does not contain terms t o  account for  n i t r i f ica t ion ,  conceptually it 
does not present my d i f f i cu l ty  t o  include t e r m  t o  account f o r  the 
oxygen consumption due t o  n i t r i f i c a t i o n  for  s i tuat ions where t h i s  e f -  
f ec t  is significant.  Thus, the only factor  which affects  BOD removal 
with concomitant removal of oxygen is tha t  due t o  the biological oxi- 
dation of organic matter. The detai  1s of the analysis of BOD progression 
data obtained on Ohio River-Cincinnati Pool samples were presented i n  
Chapter IV. The variations of K 1  values f o r  these r iver  samples were 
found t o  be random and adequately defined by a s t a t i s t i c a l  model# namely, 
t ha t  t he  K1 values f o r  r ive r  samples were normally dis t r ibuted with a 
mean of 0.173 per day and a standard deviation of 0.066 per day having 
a coefficient of variation of 38 percent. This s t a t i s t i c a l  model f o r  
K1 is adapted f o r  simulation studies using the Monte Carlo method. 
Effect of Sludge Deposits 
One of the greatest  d i f f i cu l t i e s  i n  stream surveys f o r  
estimating assimilative capacit ies is t o  evaluate the values of Kg, 
Kb, and Db individually. To overcome the d i f f i cu l ty  of estimating K3 
and Kb values Velz and Gannon (1%2), Gannon ( 1963), 0 'Connor ( 19671, 
and others advocate the use of the texm Kr which defines the coefficient 
for the BOD removal rate due to the lumped effects of Kl, Kg, Kb, 
and other unaccounted causes. In the absence of significant sludge 
deposits and fixed vegetation, the values of the rate coefficients K3 
and Kb can be taken as zero leaving only the oxidation of organic 
matter as the significant operative mechanism responsible for the 
removal of BOD from the system. Bottom samples collected during the 
1957 study of the Ohio River-Cincinnati Pool (USPHS, 1960) revealed 
that thereraeno significant sludge deposits in the reaches in- 
vestigated to warrant recognition of this as an important factor in 
the oxygen balance studies, This is further substantiated by the 
experience of several investigators (Nejedly, 1966; Thomas, 1948; 
Velz, 1958), that the problem of sludge deposits is greatly allevi- 
ated if settleable solids are removed from the raw waste prior to 
discharge into rivers, Since all the wastes emanating from Cincinnati, 
Ohio received primary treatment, and since the survey report indicates 
that the sludge deposits were insignificant, all the mechanisms of BOD 
and DO removal governed by sludge deposits can be treated as insig- 
nificant and consequently Kg can be taken as cero. . 
In deep rivers such as the Ohio River, BOD removal due to 
extraction and accumulation of fixed plants is insignificant (Gannon, 
1963; Heukelekian, 1967). It is relevant here to quote what Gannon 
(1963) has to say on river BOD removal mechanismst 
Not all rivers have high BOD remwal and many have 
rates which closely parallel the rates determined in 
the laboratory bottle experiments. This appears to 
be particularly true for the large rivers, where there 
is relatively less contact w i ~  river bottom and sides 
and where there is no gross dispersed type of growth. 
Thus, it is seen that the only significant mechanism of any consequence 
affecting the BOD removal in the Ohio River-Cincinnati Pool area is 
that due to the biological oxidation of organic matter. Also con- 
sequent to the absence of significant sludge deposit, the benthal 
demrnd for oxygen is negligible, 
Reaeration Coefficient 
Churchill et al, (1962) suggert that when the regresoion 
equation, Eq, 23, is applied to polluted streams, the basic reaeration 
rates should be modified on a percentage basis as indicated by rela- 
tive reaeration rates determined in the laboratory by experiments for 
the polluted water and for water samples obtained upstream of waste 
discharge. It is generally considered that the constituents in 
waste waters tend to reduce reaeration rates. Downing et el. (19571, 
and Downing and Truesdale (1955) conducted experiments to determine 
the effects of several contaminants and mixtures of contaminants on 
the exchange coefficient for oxygen in water agitated at different 
rates in laboratory absorption vessels, They concl'uded that houre- 
hold detergents reduced exchange coefficients in clean rater by 
amounts which depended on their initial concentration and rate of 
agitation. They further concluded that the effects of rattled sewage 
in the absence of any added anionic detergent were lower than when 
these materials were present, The reported percent reduction in K2 
values, under laboratory experimental conditions due to municipal 
wastes varies from 10 to 30 depending on the type and concentration 
of the constituents and the rate of agitation (O8Cannor, 1958; 
Downing et al., 1957; Poon and Campbell, 1967). Poon and Campbell 
(1967) found that at low concentrations of suspended solids in tap 
water, the transfer rates were enhanced to the extent of 10 to 30 
percent. Since the characteristics and concentrations of waste 
discharges are subject to considerable fluctuations, no attempt has 
been made to assign a numerical value for the possible effect of 
the pollutants on the mean river reaeration coefficient as predicted 
by the regression equation used in this study. Since the reaeration 
coefficient is treated as a random variable comprising of trend and 
random components, the error due to neglecting the effects of waste 
constituents which have compensating effects on the reaeration coef- 
f icient is considered negligible. 
The values of velocity of flow, and depth used for deter- 
mining the trend components of K2 are shown in Table 11, for six 
different cases in which observations were made at two different 
sections of the river reach under consideration. In these cases, 
the downstream samples were obtained presumably after a time lag equal 
to the flow-through time from the upatream section of the reach with 
the result that the same body of water had been sampled as it flowed 
down the river. The percent deviation of actual K2 value from the 
predicted value was taken to be normally distributed with man cero 
and standard deviation of 36.8 percent. The order of magnitude of the 
residual error distribution of K2 values applicable to the Ohio River 
study h- been assumed to be the same as that for the Tennessee Valley 
Ti vets. 
TABLE 11 
VALUES OF PARAMETERS USED IN THE SIMULATION MODEL 
Details of Initial Maximum Rate of Average 
Sample Collection Average Average Oxygen Addition Due Rate of 
River Velocity, Depth, to Photosynthesis, Respiration, 
Mi leage Date Time fpol ft ma/(l)(dav) lg/(l)(day) 
Photos-mthesis and Respiration 
Values f o r  these  parameters computed from t h e  dark and l i g h t  
b o t t l e  observations reported f o r  t h e  Ohio River (USPHS, 1960) a r e  
shown i n  Table 11. Since photosynthesis and r e s p i r a t i o n  of phyto- 
plankton a r e  g rea t ly  dependent on temperature and sunl ight  in tens i ty ,  
it is l i k e l y  t h a t  these  parameters, w e t  a long period of observation 
w i l l  tend t o  show a t rend i n  t h e i r  values. I t  is more r e a l i s t i c  t o  
consider these  parameters as var iab les  with t rend and random components 
s i n c e  t h e  f a c t o r s  which a f f e c t  these  parameters f l u c t u a t e  having a 
trend with diurnal  var ia t ions .  Simce t h e  scope of t h e  Ohio River s u r -  
vey l i g h t  and dark b o t t l e  s tud ies  w a s  l imited t o  12 days spread over 
two months, t h e r e  is not enough information t o  d iscern  these  trends. 
As t h e  maximum values f o r  photosynthetic oxygen addi t ion  a r e  assumed 
t o  occur around mid-day, t h e  number of such observations made during 
t h e  survey tz inadequate t o  formulate and test any s t a t i s t i c a l  model 
t o  character ize  these parameters. Only ar i thmet ic  average values of 
these  parameters d t a i n e d  from the  observations f o r  d i f f e r e n t  periods 
a r e  used i n  t h i s  study. I t  is conceptually f e a s i b l e  t o  consider these 
two parameters a l s o  as random vafriables provided enough data  could be 
co l l ec ted '  t o  e s t a b l i s h  t h e  t rend and random components. 
SAMPLE SIZE IN SIMULATION STUDIES OF THE OHIO RIVER 
I t  w a s  indicated e a r l i e r  that the  required sample s i z e  i n  
simulat ion s t u d i e s  could be determined using Eq. 46, i f  t h e  des i red  
precis ion and confidence l eve l s  a r e  known. Flagle  (1960) suggests  
values of 10 percent and 95 percent f o r  e r r o r  and confidence l eve l s  
respectively.  Referring t o  Table 1 of Massey (1951) f o r  t h e  c r i t i c a l  
values of da(n) of the maximum absolute difference between sample and 
population cumulative distributions, the critical value of 'd' statistic 
in the Kolmogorav-Smirnov test for 95 percent confidence level is given 
as 
Thus, substituting the values for ca and B, being 1.36 and 10 percent 
respectively in Eq. 46, and solving for n, the required sample size 
is indicated as 185 or approximately 200. 
Hence in order to have codidence level of 95 percent that 
the information on required distribution is not different from the actual 
value by more than 10 percent, the sample size is to be 200. 
RESULTS OF THE MONTE CARL0 METHOD APPLIED TO THE OHIO RIVER 
A flow diagram for the computer simulation studies using the 
Monte Carlo method following the general procedure enumerated in Chapter 
V is shown in Appendix C. Two separate sets, each having 200 random 
numbers with uniform distribution (0,l) were generaged using a sub- 
routine available with the University of Illinois Digital Computer 
Laboratory. The first s4t of random numbers was transformed to corres- 
pond to K1 values with a mean value of 0.173 per day and standard 
deviation of 0.066 per day. The second set of random numbers was 
transformed to correspond to the random variations in percent error of 
predicted K2 values with a mean value of zero and standard deviation 
of 38.6 percent. 
I t  is l ikely that some extremely and unreasonably high or 
low values w i l l  be generated by the Monte Carlo method and it becomes 
necessary t o  ignore such values (Montgsmery and Lynn, 1964) or  these 
have t o  be corrected on a reasonable basis (Ramaseshan, 1964). In 
t h i s  study the transformed variables w i t h  values beyond twice the 
deviation from the stipulated mean were assigned mean values. The 
generated random variates were tested f o r  goodness of f i t  w i t h  the 
assumed distributions using the Kolmogorov-Smirnov t e s t .  The d i s t r i -  
butions of the generated values were found t o  sa t i s fy  the t e s t .  
With known conditions f o r  velocity and depth of flow, the 
trend component of K2 could be evaluated using Eq. 31. Knowing the 
mean K2 values f o r  the given conditions of flow, the random variations 
i n  K2 could be computed from the generated random variations in  percent 
error. These generaced random values f o r  the variations in  K2 values 
were added algebraically t o  the mean value t o  obtain the random values 
of K2. 
The r iver  system fo r  determining the assimilative capacity 
was simulated using Eqs. 53 and 54 in  which K3, Kb,'and Db were taken 
as zero f o r  reasons discussed earl ier .  Generated values of K1, Kp, 
along with mean values fo r  Pm and R indicated in  Table 11 were used i n  
determining the response of the system. The values for  DO def ic i t  
predicted by Monte Carlo techniques were verified with observed values 
i n  s i x  different cases i n  which the same body of r iver  water had been 
sampled a t  two different sect ion.  downstream of a l l  the major waste 
discharges emanating from Cincinnati, Ohio. In  each of these cases, 
the process was simulated wfth known i n i t i a l  conditions and the s t a t e  
of dissolved oxygen i n  term of oxygen d e f i c i t  was predicted. The 
i n i t i a l  conditions of ultimate BOD, dissolved oxygen, temperature, 
end the  f i n a l  c o n d i t i m  of dissolved oxygen ilnd t e q e r a t u r e  along 
with the  flow-through time between the  two sections a re  presented i n  
Table 12, f o r  each of the  six  cases comidered. 
Two hundred values f o r  dissolved oxygen d e f i c i t  values were 
generated f o r  each case study solving the  d i f fe ren t ia l  equations using 
a subroutine i n  the  University of I l l i n o i s  Digital  Computer Laboratory. 
The subroutine employs four th  order Runga-Kutta method f o r  solving d i f -  
f e r e n t i a l  equations, the  de t a i l s  of which can be found i n  standard 
textbooks on numerical analysis (Fox, 1962; McCracken and Dorn, 1964). 
Ut i l iz ing the generated values of DO de f i c i t ,  the frequency d i s t r ibu t ion  
of probable values w a s  computed and these a re  s h m  i n  Table 13, and 
plot ted i n  Figures 14 through 19. The expected and most  probable values 
of DO d e f i c i t s  f o r  each of these cases are rhom i n  Table 14. I n  order 
t o  evaluate and compare the  r e su l t s  obtained by Monte Carlo techniques, 
predicted values of DO de f i c i t s  were computed f o r  each case  using equa- 
t ions  postulated by S t r ee t e r  and Phelps (1925), and Camp (1963). Average 
value of 0.173 per day f o r  K1 and the  value obtained from the regression 
equation, Eq, 31, f o r  K2 using the  hydraulic character is t ics  reported 
i n  Table 11 were used i n  these formulae. These r e su l t s  a re  presented 
in Table 14, Percent e r ror  i n  predicting DO d e f i c i t  was computed by 
multiplying 100 with the  f rac t ion  obtained by dividing the  absolute 
difference between actual  and predicted values of DO d e f i c i t  with the  
actual  def ic i t .  
TABLE 12 
I N I T I A L  AND F I N A L  CONDITIONS OF THE OHIO RIVER SAMPLES FOR 
S I X  DIFFERENT CASES USED TO VERIFY MONTE CARLO PREDICTIONS 
Sample C o l l e c t i o n  U l t i m a t e  
C a s e  R i v e r  T e m p  F i r s t  S t a g e  Do, F l a w  r i m e ,  
Study No. Mi  leage D a t e  T i m e  Oc BOD, m g / l  mg/l days 
TABLE 13 
FREQUENCY DISTRIBUTION OF PROBABLE VALUES OF DO DEFICITS 
C a s e  Study No. 1 C a g e  Study No. 2 Case Study No. 3 
Clms Internal Class Interval C l a s s  Interval 
DO Def ic i t ,  DO Def ic i t ,  DO Def ic i t ,  
ma/l F requenc y ma/ 1 Frequency ma/ 1 Frequency 
TABLE 13 (Continued) 
FREQUENCY DISTRIBUTION OF PROBABLE VALUES OF M) DEFICITS 
C a m  Study No. 4 Case Study No. 5 Case Study No. 6 
Class Interval Class Interval Class Interval 
DO Deficit, DO Deficit, DO Deficit, 
mg/l Frequency ma/ 1 F requencv mR/1 Frequency 
DO Deficit ,  m g / l  
FIGURE 14. FREQUENCY DISTRIBUTION QF DO DEFICIT 
I N  CASE STUDY NO. 1 
FIGURE 15. FREQUENCY D I S T E I B V T I a  C4? DO DEFICIT 
I N  W E  STUDY NO* 2 
FIGURE 16. FBEQUENCY DISTRIBUTION CF DO DEFICIT 
I N  CASE STUDY NO, 3 
FXCDRE 17. FREQUENCX D I S T R I B ~ I O N  tX Do D E F I C I T  
I N  CASE STUDY NO* 4 
FIGURE 18. FREQUENCY D I S T R I B m I O N  OF DO DEFICIT 
IN CASE STUDY NO. 5 
FIGURE 19. FREQUENCY DISTRIBUTION OF DO DEFICIT 
IN CASE STUDY No. 6 
TABLE 14 
ACTUAL AND PREDICTED W DEFICITS 
DQ Def i c i t .  mn/l Percent Error 
Probab i l i s t i c  Model Probabi l i  sti c Model 
Case Most Most 
Study Actual Streeter-  Camp's Expected Probable Streeter-  Cmp's Expected Probable 
No. Value Phelps'Eq. Eq . Value Value Phelps* Eq. Eq. Value Value 
VI I DISCUSSION 
The significance and importance of considering the variations 
in K and K were brought out in Chapter 111. In the carefully selected 1 2 
river reaches of the Tennessee Valley rivers, the atmospheric reaeration 
was found to vary significantly in every reach considered, even though 
each set of observations was made under constant river flow conditions. 
The observed range of values for K2 was considerably more for shallow 
and high velocity flows than for deep and low velocity flows. As 
pointed out earlier, in o m  set of experiments in the Holston River, 
K2 had a range of values from 0.10 to 1.18 per day with an arithmetic 
average of 0.63 per day. All the mathematical models developed for 
predicting the reaeration rate coefficient attempt to estimate only 
the average value for K2. Efforts so far made to evaluate the stream 
assimilative capacities fail to take into account the variations in 
the actual values of K2 from the predicted values. These variations 
are considerable and lead to significant errors in predicting the DO 
response, if omitted. 
~ t t e m ~ t s  have been made to relate the reasrati on coef f i ci ent 
to such hydraulic characteristics as velocity and depth of flow, energy 
slope, surface renewal rates, etc. These were not found to explain 
adequately the variations in the predicted values for K2. Inclusion of 
the variables, such as molecular diffrrsion, dispersion coefficient, 
surface tension, etc., did not significantly improve the predictions 
for reaeration coefficients (TVA, 1962). Variaticns in the values for 
reaeratibn coefficient may be attributed to the errors in estimation 
of the parameters involved in the predictor equations, simplification 
in the assumptions for developing the equations and other uncontrollable 
and unaccounted causes such arr wind effects, turbulence, etc. As these 
factors are not quantifiable in a deterministic senee, the combined 
effects have to be expressed in terms of probability measure. For the 
Tennessee Valley rivers, the variations in reaeration coefficients have 
been found to be adequately defined by Gaussian distribution. 
Though the deoxygenation and reaeration coefficients were 
the only two parameters treated as random variables in this study, 
the probabilistic concepts should be extended to other factors such as 
phetosynthesis, respiration, biological extraction of BOD, etc., which 
are subject to random fluctuations. Also the covariance of these factors 
needs to be given consideration. Attempts have been initiated at the 
University of Illinois to study the pwsible effects of different rates 
in deoxygenation on atmospheric reaeration capabilities in laboratory 
channels. Considerable additimal research is needed in this area. 
Monte Carlo techniques applied to the problem of determining 
the DO response of streams receiving organic waste lads appear to 
yield satisfactory results. The results of the analysis of the Ohio 
River survey data presented in Table 14 indicate that there is con- 
siderable difference between the DO deficits actually observed and those 
predicted by the deterministic equations. Application of the Streeter- 
Phelps equation in which the effects of photosynthesis and respiration 
are omitted and in which t k  reaction coefficients are taken as constants 
in a river reach, results in prediction errors ranging from 0.5 to 33.5 
percent. Use of Camp's equation (1963) which accounts for an average 
value of photosynthesis also results in prediction errors ranging from 
6.5 to 34.7 perdent. The use of an average value for photosynthesis 
in Camp's model irrespective of daytime or nighttime flow conditions 
is unrealistic since no photosynthesis can be expected to occur during 
nighttime. As the characteristics of the wakte emanating even from a 
single source vary from time to time and the type and distribution of 
microflora stabilizing the waste organic matter are bound to change 
in the natural environment, it is realistic to consider all the possible 
variations in parameters characterizing these changes instead of as- 
suming them to be time invariant. 
The percent error involved in predicting DO deficits using 
the probabilistic model range from 0.4 to 15.7 when the predictions 
are based on expected values and range from 0.0 to 11.5 when based on 
met probrbla values. It is seen that under different conditions, the 
values of DO deficit predicted by the probabilistic model, particularly 
the most probable values, tend to be closer to the otserved values all 
the time than the values predicted by the deterministic equationr. 
The ooncept of most probable value is not unfamiliar in sanitary engi- 
neering practice, since the enumeration of coliform organisms in water 
samples involves this concept. 
The average value for the percent errors in DO deficits pre- 
dicted by the Streeter-Phelps equation for the six cases investigated 
in this study is 14.0 and the correspmding value for the Camp equation 
is 15.2. The average values in percent errors using the probabilistic 
model are 8.7 and 8.2 respectively for the expected value and most prob- 
able value cases. Thus it is seen that the use of most probable value 
predicted by the probabilistic model is likely to give more reliable 
information on the DO response than the deterministic equations 
considered in this study. However the Streeter-Phelps model has pre- 
dicted the DO deficit within one percent error when the initial and 
final observations were carried out at night (Case Study No. 2 )  and 
the error in prediction using Camp's equation for this case is 6.5 
percent which is the best value obtained employing Camp's model. 
The errors inherent in the predictions using probabilistic 
model should be considered as being within practical limits, since 
several approximations and uncertainties creep in the evaluation of 
various factors which affect the DO-BOD relationship in streams. The 
estimation of time of flow between two sections in a river reach could 
at best be only approximate, so also the average values of depths and 
velocities of flow. Any errors in the assumption of oxygen saturation 
values at different temperatures are bound to be reflected in the final 
results of DO deficit predictions. Again there is the raging controversy 
about the adequacy of BOD bottle experiments to duplicate the oxidation 
process in the unrestricted natural environment. Sanitary engineers 
have to put up with this, being the only expedient method available at 
present to evaluate the biodegradability of organic matter. 
The use of the regression equation, Eq. 31, developed from 
the data collected in Tennmssee Valley rivers, for computing mean 
values of K2 applicable to the Ohio River involves extrapolation to 
conditicns other than those for which the equation was developed. The 
validity and usefulness of the equations developed by O'Connor and 
Dobbins (1956) and Dobbins (1964) were not established beyond reasonable 
doubt. The discrepancies in observed and predicted values using these 
equations have been pointed out (Churchill sale, 1962; Thackston and 
Krenkel, 1965). The use of the regression equation developed for 
Tennessee Valley rivers, being the best available tool for estimating 
the reaeration coefficient independently, might be another source of 
error, since this involves extrapolation as indicated earlier. 
The strength of the proposed method lies in the fact that in 
the face of several ambiguities, it predicts a range of values for DO 
deficits with associated probabilities instead of a single value as in 
deterministic equations. Thus it enables one to quantify the uncer- 
tainties in terms of probability measure and to consider the probability 
of river DO being equal to or less than certain concentrations under 
given waste and stream f low condi tiom. 
Figure 20 shows the probable range of values for the oxygen 
sag profile in the Ohio River and the associated probabilities at a 
few selected sections for the initial conditiow represented in Case 
Study No. 5. The histograms care dram with class intervals of 0.25 
mg/l. Class intervals smaller than 0.25 mg/l are considered unwarranted 
in view of the sensitivity of the DO determination methods. The pro- 
f i les predicted by Camp's and Streeter-Phelps * equation are also shown 
in Figure 20. For short times of flow, the values of DO predicted by 
the two deterministic equations and the modal value of the probabilistic 
model are in close agreement within practical limits. As the tine of 
flow increases, there is considerable deviation in the values predicted 
by these methods. The effect sf the diurnal variations in the photosyn- 
thesis is seen to be significant during daytime flow conditions. 
DO Deficit, mgjl 
C, Dirrolved Oxygen Concentration, agjl 
The probability dfstributfms of MI at different sections of 
the river shown in Figure 20 pertain to the extent and intensity of 
exposure to the daylight. These factors depend on the time of initial 
observation at the upper end of the river reach considered. 
In the case of the probabilistic model, it is not possible to 
consider critical df ssolved oxygen conditions as in deterministic 
models. The objective in waste water treatment systems design and 
operation will then be to minimize the *sobability of the dissolved 
oxygen level in the stream falling below the stipulated value. This 
could be evaluated knowing the probabi li ty distributions of the dis- 
solved oxygen concentrations at different sections of the river reaches 
for the known initial conditions. 
The writer became aware at a late stage of the possibility 
of employing alternative methods of finding theoretically the probability 
distribution function for the DO deficit, when the yrobaoility dis- 
tribution functions for K1 and K2 and their functional relationship 
with DO deficit are known. These alternatives are finding the dis- 
tribution sf a function of one or more random variables using change of 
variable technique or the moment-ga~lerating function technique, The 
analytical technique will yield a more precise infomatiart than the 
Monte Carls method* 
A need for taking into account on a rational basis the vari- 
ations in the parameters affecting the DQ-BOD relationship had always 
been felt and this is at least partly met in this study* The diffi- 
culties one faces in predicting DO responses in a river system are best 
summarized by quoting Kneese (1964) : 
Much has been done to develop generalizations about 
the receiving water environment and to apply sci- 
entif ic principles to it. However precision is less 
and uncertainty greater in this area than in most fields 
of scientific and engineering forecasting. This em- 
phasizes the importance of empirical checking of 
forecasts made upon the basis of highly simplified 
principles. 
VT I 1  . ENGINEERING !5IGMXFTCANCE 
New methods a r e  repor ted  f o r  eva lua t ing  t h e  composite e f f e c t s  
of combinations of waste  water  t rea tment ,  waste weter f low r egu la t i on ,  
s t ream f low regu la t i on ,  optimal a l l o c a t i o n  of s t ream d i s so lved  oxygen, 
e t c .  (Liebman and Lynn, 1966; Loucks and Lynn, 1966; Worley, 1963), f o r  
a p p l i c a t i o n  i n  comprehensive programs t o  improve and main ta in  t h e  
q u a l i t y  of water  i n  major water  resources  systems. Severa l  new methe- 
ma t i ca l  techniques u s e f u l  i n  f u s i n g  engineer ing  design, economic analy-  
sis and governmental planning have r e c e n t l y  been developed t o  e x p l o i t  
t h e  p o t e n t i a l i t y  of t h e  e l e c t r o n i c  computer, I n  t h e s e  s t u d i e s ,  t h e  
streams' s e l f  p u r i f i c a t i o n  c a p a c i t i e s  and t h e  a l l o c a t i o n  of stream d i s -  
so lved  oxygen resources  among va r ious  sources  of p o l l u t i o n  p l ay  an  i m -  
po r t an t  r o l e  and t h e  r e l i a b i l i t y  of t h e  conclusions i n  t h e s e  s t u d i e s  
depends on t h e  accurac ies  of d i s so lved  oxygen p red i c r i ans ,  t o  a sma l l e r  
o r  l a r g e r  ex ten t .  Thus t h e  need f o r  e s t ima t ing  t h e  response of r ece iv ing  
s t reams t o  waste loads as a c c u r a t e l y  a s  pos s ib l e  becomes obvious. 
Kneese (1964) advocates t h e  need f o r  cons ider ing  t h e  prsba- 
b i l i s t i c  c h a r a c t e r  of "damage cos t sv '  which inc lude  t h e  opt imal  com- 
bmination of water  t rea tment  c o s t s  and phys ica l  damages due t o  t h e  waste 
disc-mrged upstream of t h e  po in t  of mer The mathematical expec t a t i on  
of damages a s soc i a t ed  wi th  a p a r t i c u l a r  l e v e l  of s t ream f low is obta ined  
by mul t ip ly ing  the  p r o b a b i l i t y  of each flow by t h e  corresponding c o s t  
( t rea tment  p lu s  damage), I f ,  i n  a d d i t i o n  t o  t h e  probabi 1% t y  of occurrence 
of d i f f e r e n t  stream discharges,  t h e  v a r i a t i o n s  i n  t h e  b a s i c  v e l o c i t y  
c o e f f i c i e n t s  which de f ine  t h e  s t reams '  s e l f  p u r i f i c a t i o n  c a p a c i t i e s  a r e  
taken into  account, a be t te r  estimate of the mathematical expectation 
of damages could be obtained. This i n  turn aids in  management decisions 
aimed toward the best possible development of a water resources system. 
There is a growing real izat ion f o r  the need of probabi l is t ic  
Oxygen standards i n  streams (Loucks, 1965; Thayer and Krutchkoff, l966), 
In  the e a r l i e r  studies e i t he r  the  chance variations i n  stream flow 
(Loucks, 19651, o r  the variations i n  the s t a t e s  of BOD and DO (Thayer 
and Krutchkoff, 1966) were considered. In these cases the velocity 
coefficients K1 and K2 were t reated a s  constants. Since the variatf  ons . 
i n  K 1  and K2 have been demonstrated t o  be s ignif icant ,  i t  is m r e  r ea l i s -  
t i c  t o  consider the variations in  these coefficients within t h e i r  
pract ical  ranges. The concepts developed in t h i s  work e m  be extended 
to  include variations i n  stream flows, thus obtaining more general 
information an the probabili ty d i s t r ibu t ion  of dissolved oxygen concen- 
t r a t i o n  i n  the  stream. In view of the uncertainties involved i n  the 
stream s e l f  pu r i f i ca t im  process, i t  is more r e a l i s t i c  t o  introduce 
arguments of probability and predict, not hsw the system w i l l  cer ta inly  
and invariably perform, but how it w i l l  perform a cer ta in  f ract ion of 
the time. 
IX. SUMMARY, CONCLUSIONS, AND SUGGESTIONS 
FOR FUTURE STUDY 
SUMMARY OF THE STUDY 
A digital computer model is used for defining the self 
purification process in the Ohio River-Cincinnati Pool reach, The 
model being a representation of the prototype incorporating those 
features sf the prototype deemed to be important for the purpose at 
hand, the operation of the model in m y  time interval is character- 
ieed by the inputs (BOD) in accordance with the parmeters of the 
process, yielding a sequence of outputs (DO deficit). If the system 
is affected or perturbed by random components implicit in the input, 
any single simulation run yields only a specific solution related to 
one set of conditions of the system, To determine the general relation 
of the output to the input and variables may require a large number of 
simulation runs. Monte Carlo techniques are combined with simulation 
analysis to remedy the lack of generality implicit in simulation 
solutions . 
In applying Monte Car10 simulation techniques to the Ohio 
River-Cincinnati Pool reach, the mechanism of BOD removal with con- 
comitant removal of oxygen due to bacterial oxidation of orgenic matter, 
oxygen addition due to photosynthesis and atmospheric reaeret i on and 
algal respiration are considered. Other known mechanisms effecting 
the DO-BOD relationship such as removal or addition of BOD due to 
deposition or scour, oxygen demand due to benthal deposits, etc., are 
considered insignificant in the oxygen balance studies for the particular 
case investigated. Oxygen addition due t~ photosynthesis is treated as a 
periodic function having eero values at sunrise and sunset and a 
maximum value at mid-daya Only arithmetic average values for algal 
rmspiration and maximum rate sf oxygm addition due to photosynthesis 
are considered. The reaction coefficients K1 m d  K2 are treated ess 
random variables. A hypothetical ease using Streeter-Phelps' fornulation 
is used to establish the need for cansidering the variations in KE and 
K2 
Two hundred values f m  K and K2 are generated by Monte 1 
Carlo methods. Using these generated values of the reaction coef- 
ficients and average values for other parmeters involved in the process, 
200 values for the dissolved oxygen deficit are generated, giving a 
probable range of values for the dissolved oxygen deficit wf th assoc- 
iated probabilities. The results of the dissolved oxygen deficits 
predicted by the probabilistic model are compared with the observed 
values, The predictions for disso8ved oxygen deficits based on the 
nost probable values are found to be in close agreement all the time 
with the observed values. 
To sumiariee the procedure involved in the use sf Monte 
Carlo techniques for determining the self purification capacities of 
a atream under steady state flow conditions, the first step is to define 
all the mechanisms which af%ect BOD and DO, and to formulate e mathe- 
matical model describing the W response. Probability distributions 
for the significant parameters which are found to vary considerably in 
I 
the model are determined based slz actual observations for these peram- 
eters. The number of simulation runs required to predict the DO 
response under the known initial conditions is dictated by the precision 
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in the type and distributions of microorganisms responsible for the 
stabilisation of organic matter. The variations in deaxygenation co- 
efficient values are adequately represented by Gaussian distribution 
with a mean value of 0.173 per day, a standard devf atian of 0.066 per 
day and a coefficient of variation of 38 percent, 
4. The varfatims in parcent error in the prediction of re- 
aeration coefficient values for Tennessee Valley rivers using regression 
equation with mean depth and velocity of flow as independent variables 
follow normal distribution law with a m e t a n  of zero and a standard devi - 
ation of 36.8 percent, 
5. The most probable values for the dissolved oxygen deficits 
predicted by the probabilistic model using Monte Carlo simulation tech- 
niques are found to be better estimates than the values predicted by 
the conventional deterministic approaches a 
SUGGESTIONS FOR FUTURE STUDY 
Based on the results of this study and the understanding of 
the probabilistic process of the DO-BOD relationship in streams, the 
following suggest i m s  for future research are proposedr 
1. The applicability of Monte Carlo techniques has to be 
verified for shallcrw stream where othep mechanisms, in addi tion to 
the ones considered in this study, affecting the BO-BOD relationship 
are significant. 
2, The interdependence of the reaction esefficients K1 and 
K2 need further investigation. If they are not found completely in- 
dependent, as have been assumed in this study, a suitable joint density 
function has to be developed and used in the probab$listic model, 
3. The variations in other parmeters like oxygen addition 
due to photosynthesis, algal respiration, etc., need to be studied 
and accounted for in the probabilistic model. 
4. The concept of a simulation technique using Monte Carlo 
methods may be extended to include variable initial conditions arising 
from temporal variations in river flow, waste flow and waste strength. 
5 .  Research in the area of optimal design of waste treatment 
facilities, optimal crllocoation of stream dissolved oxygen, etc., should 
include the probabilistic variations in the parameters affecting 
stred.' waste assimilative capacities. 
6 .  The probabilistic model proposed in this study has to be 
solved analytically to determine the probability distribution function 
for the DO deficit employing either the change of variable technique 
or the moment-generating function technique. 
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*i Coefficients in the linear regression equation. 
ca Constant defining the critical value of 'd' statistic in 
Kolmogorov~Smirnov test for samples of siee greater than 
35 
C Dissolved oxygen concentration, mg/l, in stream at any time. 
Cs Saturation DO concentration, mg/l, at any given temperature. 
c0d.f. Cumulative distribution function. 
D DO def icit, mg/l, at any given temperature and time of flow. 
Da Initial DO deficit, mg/l, in a river reach. 
"b Oxygen demand, mg/(l) (day), due to benthal deposits. 
Dc Critical DO deficit, mg/l, in a stream. 
Dm Coefficient of molecular diffusion, L*/T. 
%("I Critical value of 'd' statistic in Kolmog~rov-Smirnov test 
for a sample siee of n obsematims at a significance level 
of a. 
E(*) Expected value of a function. 
ei Expected number of samples in category i in chi-rquare test. 
I? (x) Cumulative frequency distribution. 
f &see of freed- in chi -square test. 
f (XI Probability density function. 
8 Number of population parameters estimated frau the sample. 
H Mean depth, feet* 
K1 Rate coefficient, dayg1, defining BOD removal with con- 
comitant DO removal process (bae e). 
K2 Rate coefficient, day-1, defining atmospheric reaeration 
process (base e). 
K3 Rate coefficient, dayel, defining addition or removal of 
BOD process due to scour or deposition. 
Kb Rate coefficient, day9l, defining BOD removal due to biological 
extraction and accumulation. 
Rate coef f f cient, day9l, defining overall removal rate 
of BOD in a river system. 
Number of observations less than or equal t o  a given value x. 
First stage ultimate BOD, mg/l, remaining to be satisfied. 
Initial first stage ultimate BOD, mg/l, in a river reach, 
Total number of observatians made fn a series of observations. 
Number of samples observed in category i of chi-square test, 
Probability of observing a value less than or equal to a 
stated value. 
Number of phases of length i in "turning points" test. 
Maximum rate of oxygen addition, mg/(l)(day), due to photo- 
synthesis. 
Rate of oxygen addition, mg/(l) (day), at m y  given time. 
P Total number of peaks in "turning points" test and period 
of oscillation in a periodic sine function. 
p.d.f. Probability density function* 
R Average rate of algal respiration, mg/(l)(day), and total 
number of runs in the "runs up and down" test. 
Rk Number of runs of length k or more in the "runs up and downe* 
test. 
R~.1,21. O O I P  Multiple correlation coefficient, 
r Total number of categories in chi-square test. 
i Number of runs of length i in the "runs up slnd down" test. 
S Slope of river channel. 
sE* Sum of squared errors in regression analysis. 
Sn(x) Observed cumulative step function of a sample of observations. 
T River temperature, degrees centigrade. 
t Time of flow, days. 
Time of flow, in days, of a mass of water since sunrise 
after  that m a s s  of water has entered the head end of a 
river reach considered. 
Flow through time, days, for  c r i t i ca l  section Pn a river. 
Mean velocity of flow, ft/sec, in a river reach. 
Variance of a function, 
Random variable. 
Any particular value a random variable X assumes. 
Independent variables in regression analysis, 
Dependent variable vllue predicted in  linear regression 
equation. 
Actual value of dependent variable. 
Significance level. 
Error level in predicted values. 
Incremental value in the variables. 
Temperature coefficient defining deoxygenatim rates a t  
different temperatures. 
Temperature coefficient defining reaeration rates a t  
different temperatures . 
Variance in population. 
Chi-square s ta t i s t i c .  
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s t  a r t )  & 
Read input  da t a ;  !I,, La, V, :I, T, R, t ime of i n i t i a l  observa t ion  
and o t i ~ e r  rc levai l t  ;>nranetcrs .  
L 1 t I Generate u scquencc o f  uniform (0,l .)  random ~iulnbers and e v a l u a t e ]  
t h e  corresponding K1 va lues .  Correct  t h e  unrcasot~ably high o r  
low va lucs  of K1. 
.c 
I'crform I<olmogorov-Fmirnov t e s t  or1 the  :;enerated values  of K 1 ' 
I 
.) 
Is thc  gcncrated narrple s i z n i f i c a  Yes 
h i s t o r i c a l  sample? 
L 
No 
I Compute t he  va lue  OF t r end  component of K, 11sins  r eg re s s ion  I I equat i  on 
I J 
Generate a sequence of ~rniforn:  ( o i l )  rantlom nurt~liers and eva1.u- 
a t e  the  correspca~ding raltdom colnponents of K, values .  Correct  
t h e  unreasonably i ~ i g h  o r  l o w  values  f o r  t h e  ?andom components 
of I.:,. 
& 
- 
Perform ~~olxogorov-S~ni rnov  t e s t  on t i ~ c  generated va lucs  f o r  t h e  
random components of K9. 
- 
I 
' I s  tlze generated sample s i g ~ i f i c a n t l y  different:  from t h e  as-  
sumed d i s t r i b u t i o n ?  
I Yes -1 
4 
Develop random samples OF K 2  valucs  by adding t h e  t rend  com- 
ponent t o  t he  randoli; components of 
- 
S e t  up  necessary i n i t i a l  condi t ions  f o r  so lv ing  t h e  d i f f e r e n t i a l  
eq t~a t  i o ~ s  usin2 the  sub- rout ine  f o r  f o u r t h  o rde r  runge-Kutta 
met hod , 
1 I 
Use a s e t  of gencratcd values  f o r  K1 and K2, apply tempcra- 
t l t re  cor rec t io rw t o  them. Corrpute oxygen e f i c i t  f o r  t h e  
k n o ~ m  in,i ti a 1  condi t ions  us i ng app rop r i a t e  values  f o r  o t h e r  
parameters i n  t h e  process.  
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Stat ion Collection of Sample Elapsed Time, Days , Ultimate F'irst 
Kileage Date T i m e  Observed B i  ochenical Oxygen Demand, nz/ l  per Day Stage DOL), m ~ / l  
s t a t ion  C o l l e c t i o n  of S a m p l e  E l a p s e d  T i m e ,  D a y s  K1, U l t i m a t e  F i r s t  
R i l e a g e  D a t e  T i m e  O b s e r v e d  B i o c h e m i c a l  Ckygen D e m a n d ,  mp, / l  per Day Stage BUD, m g / l  











